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Abstract. Square groups are quadratic analogues of abelian groups. Many properties 
of abelian groups are shown to hold for square groups. In particular, there is a symmetric 
monoidal tensor product of square groups generalizing the classical tensor product. 



There is a long-standing problem of algebra to extend the symmetric monoidal structure 
of abelian groups, given by the tensor product, to a non abelian setting, see for exam- 
ple PHI- In this paper we show the somewhat surprising fact that such an extension is 
possible. Morover our non abelian tensor product remains even right exact and balanced. 
We describe the new non-abelian tensor product in the context of quadratic algebra which 
extends linear algebra. 

"Linear algebra" is the algebra of rings and modules. A ring is a monoid in the symmetric 
monoidal category of abelian groups 

(Ab,®,Z). 

The monoidal structure is given by the tensor product of abelian groups, with the group 
of integers Z as the unit object. Moreover a module is an object in Ab together with an 
action of such a monoid. 

In "quadratic algebra" abelian groups are replaced by square groups. In fact, if one con- 
siders endofunctors of the category of groups which preserve filtered colimits and reflexive 
coequalizers, then abelian groups can be identified with linear endofunctors and square 
groups can be identified with quadratic endofunctors, [7j. The abelian group Z corresponds 
to the linear endofunctor which carries a group G to its abelization G ab = G/[G,G]. The 
square group Z n n corresponds to the quadratic endofunctor which carries G to the class 
two nilpotent group G ml = G/[G,[G,G]]. The category SG of square groups contains 
the category Ab of abelian groups as a full subcategory since a linear endofunctor is also 
quadratic. Therefore the question arises whether the symmetric monoidal structure of Ab 
extends to a symmetric monoidal structure of SG. The main purpose of this paper is the 
proof that this is, in fact, the case. 

Let G and H be (additively written) groups. One can consider the group with generators 
g * h for g G G and h € H, subject to the following relations: 



g * (hi + h 2 ) = g * h + g * h 2 , 
(9i + 92) * h = g x * h + g 2 * h. 



The second and third authors are grateful to the Max-Planck-Insitut fur Mathematik, Bonn, where this 
work was written, for hospitality. 
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It is well known and easy to prove that this group is isomorphic to G ab © if ab . Thus the 
naive definition of the tensor product of nonabelian groups does not really provide a new 
object. A more sophisticated tensor product was constructed by Brown and Loday [TU] . 
However, their tensor product does not define a symmetric monoidal structure. 

The definition of the tensor product of square groups relies on the structure (if, P) of a 
square group M. In M©N one has among others the relations 

x©(yi + y 2 ) = x@yi + x©y 2 , 

(xi + x 2 )©y = xi@y + x 2 ©y + (x 2 \ x x ) H ®H{y) 

which replace the naive relations above. It is a somewhat surprising fact that these rela- 
tions for M@N lead to a symmetric monoidal structure of the category of square groups 
extending the tensor product of abelian groups. We show: 

Theorem. There is a tensor product of square groups M , N denoted by M@_N such 
that 

(SG,®, Z nil ) 

is a symmetric monoidal category. Moreover, if M and N are abelian groups then 

M@N = M ®N. 

A monoid R in (SG,©, Z nil ) is termed a quadratic ring. An i?-quadratic module is a 
square group with an action of the monoid R. This leads to the wide area of quadratic 
algebra generalizing classical linear algebra. For example we describe in this paper the Tor- 
exact sequence for square groups. Also we study various special classes of square groups, 
like abelian square groups, quadratic Z-modules and free square groups. 

The category SG has another (very non-symmetric) monoidal category structure □ in- 
duced by composition of endofunctors (see [Zj or Section H5.Hj) . In TheoremEUwe describe, 
by means of abelian groups with cosymmetry, a subcategory of SG on which the products 
□ and © coincide. 

As we will see in sequel publications quadratic rings and related quadratic pair algebras 
play an important role in secondary homotopy theory as well as in the theory of Mac 
Lane cohomology of rings (see [H], [2T], and Chapter 13 of [IE])- Namely, quadratic 
pair algebras are natural objects representing classes in the third dimensional Mac Lane 
cohomology. Moreover the secondary homotopy groups of each ring spectrum form a 
quadratic pair algebra [H|. In particular, the sphere spectrum yields a quadratic pair 
algebra encoding all its secondary homotopy structure like triple Toda brackets. Also in 
order to study these examples it is necessary to develop the quadratic algebra of square 
groups. 

Concerning (symmetric) monoidal categories and (symmetric) monoidal functors we use 
the terminology following jTHj. In particular, a lax monoidal functor is a functor F together 
with coherent morphisms <Pa,b '■ F(A) © F(B) — > F(A © B). Moreover F is a monoidal 
functor if 4>a,b are isomorphisms for all A and B. 
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I. The monoid al category of square groups 

In this section we recall the notion of square group (see also Section 115. HI below) and 
we give an explicit construction of the tensor product of square groups. We formulate our 
main results concerning symmetric monoidal structure and right exactness of this tensor 
product. 

Let G be an additively written group and A be an abelian group. We call a map 
/ : G — > A quadratic if for any x,y G G the cross-effect 

(x\y) f ■= f(x + y)~ f(x) - f(y) 

is linear in x and y, that is (— \ y)f and (x \ —)j are homomorphisms G — > A. 

Definition 1. A square group is a diagram 

M — (M e — M ee — M e ) 

where the ee-level M ee is an abelian group and the e-level M e is a group. Both groups are 
written additively. Moreover P is a homomorphism and if is a quadratic map. In addition 
the following identities 

(Pa \y) H = = ( x \ Pb) H , 
P(x\y) H = -x-y + x + y, 
PHP(a) = 2P(a) 
are satisfied for all x, y G M e and a, b G M ee . 
As an example we have the square group 

z nil = ( z — z — z ) 

with H(n) = (™) = n( " 2 ~ 1 ' > and P = 0. Let SG be the category of square groups. 

In any square group M the image of P is a normal subgroup containing the commutator 
subgroup (see [Zj, or Section 15. 1J) . thus Coker(P) is a well-defined abelian group. Let 
x G Coker(P) be the element represented by x G M e . The cross effect of H induces a 
homomorphism (see [7] or Corollary iTol below) 

(- | -) H : Coker(P) ® Coker(P) -> M ee . 

Moreover, there is a well-defined homomorphism 

A : Coker(P) -> M ee 

given by A(x) = HPH(x) + P(x + x) — AH(x) (see [7j, or Corollary fT3|) . Furthermore, 
the map 

T = HP - Id : M cc -> M ee 

is an endomorphism of the abelian group M ee with T 2 = Id (see |7j, or Proposition I14j). 
Sometimes we write P M , H M , A M , T M in order to make clear the role of M. 

The aim of this work is to introduce a symmetric monoidal category structure ® on the 
category SG of square groups. 
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Definition 2. For two square groups M, N we introduce the tensor product M@N which 
is a square group defined as follows. The group (M@N) e is given by generators of the form 
x@y for x G M c , y G N e , and a®6 for a G M cc , 6 G iV cc , subject to the relations 

(1) the symbol a©b is bilinear and central in (M©N) e ; 

(2) x@(yi + y 2 ) = x©yi + x@y 2 ] 

(3) (xi + z 2 )®y = a:i®y + x 2 @y + (x 2 | x x ) H <8>H(y); 

(4) x@P(6) = (x | 

(5) P(a)@y = a©A(y); 

(6) T(a)©T(b) = -a©b. 

Next the abelian group (M@A^) ee is defined to be M ee © iV ee . The homomorphism 

P : (M@iV) cc -> (M@iV) e 

is given by 

P(a © b) = a©b 
In order to define H, we first observe that 

Coker(P M@Af ) = Coker(P M ) © Coker(P JV ). 
Therefore we have the following homomorphism 

p : Coker(P M ® JV ) <g> Coker(P M ® 7V ) 

= Coker(P M ) © Coker(P JV ) © Coker(P M ) © Coker(P w ) -> M cc <g> iV ee 
with p(a©b©a' © b') = (a \ a') H © (b \ b') H . Now 

H : (M@iV)c -> (M@N) ce 
is the unique quadratic map with the map p as its cross-effect satisfying 

H(x@y) = (x | x) H <g> if(y) + P(x) <g> A(y) 

and 

if(a<g>&) = a <g> 6 - T(a) <g> T(b). 
The following is the main result of the paper: 
Theorem 3. The tensor product of square groups gives rise to a well-defined bifunctor 

-©- : SG x SG -> SG 

which equips the category SG a symmetric monoidal structure, with the unit object 
Z n ii. TTie associativity and commutativity isomorphisms on the ee-level are the usual iso- 
morphisms for the tensor product of abelian groups, while on the e-level the isomorphism 
((M@N)@K) C ^ (M@(N©K)) e is given by 

(x@y)@z i x@(y@z) 
(a©b)@z h-> a©(b © A(z)) 
(a © b)©c i— > a<g>(5 <8> c) 
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and the isomorphism (M©N) e = (N@M) e is given by 

x@y i — ► y@x — H{y)®TH(x) 
a®b i— > b(g)a. 

Under the associativity isomorphism the element x@{b®c) corresponds to {x\x)ji®{b ® c). 
Proof of this result occupies Section 

The category of square groups with M cc = is equivalent to the category of abelian 
groups. Thus we identify the category Ab with this subcategory of SG. Then the restriction 
of © to Ab coincides with the usual tensor product of abelian groups. The following 
generalizes some well-known properties of the tensor product of abelian groups. 

Proposition 4. For any square group A the tensor product A@— : SG — > SG preserves 
filtered colimits, reflexive coequalizers and finite products. It is right exact and balanced, 
that is for any short exact sequence of square groups 

0^B 1 ^B^B 2 ^0 

the induced sequence 

A@Bi -> A@B -> -> 

is exact and the first arrow A@p is a monomorphism provided A is a projective object in 
the category SG. 

The proof of this result is given in Section El 

The functor A©— : SG —>■ SG does not preserves coproducts. However the following 
result is true. For an abelian group A we define the square group A® by 

(A% = A, (A®) ee = A® A, 

where P(a, b) = a + b and if (a) = (a, a). 

Proposition 5. Let A, B, M be square groups. Then one has the short exact sequence of 
square groups 

-> (M cc <g> Coker(P A ) ® Coker(P B ))® -> M@(A VB)^ (M@A) x (M@B) -> 0. 
Here V denotes the coproduct in the category of square groups. 
The proof of this result is given at the end of Section El 

2. Symmetric definition of the tensor product 

The tensor product M@N in Definition 121 is the right linear version. There is also a left 
linear version M © N defined below. Moreover we introduce a symmetric version M N 
and we show that there are natural isomorphisms 

M@N^MQN^ m@n. 

The different versions of the tensor product are identified in this way. The symmetry of 
the tensor product is most apparent in M Q N where, however, redundant generators are 
needed. The non-symmetric versions M@N and M © N have the advantage of a smaller 
set of generators. Most calculations in the paper are using the right linear version M@N. 
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Definition 6. For square groups M, N let M © N be the square group with (M © N) ee = 
M ee N ee and (M © N) c given by generators x © y for x G M e , y G iV e , and a06 for 
a G Mee, & £ A^ee, subject to the relations 

(1) the symbol a06 is bilinear and central in (M © N) e ; 

(2) x © (y 1 + y 2 ) = x © y x + x © y 2 + H(x)® (y 2 | yi) H ] 

(3) (xi + x 2 ) © y = x\ © y + x 2 © y; 

(4) x@P(b) = A(x)®b; 

(5) P(a)@y = a®(y \ y) H ; 

(6) T(a)®T(b) = -a®b. 

Here the homomorphism P is given as in Definition |21 and H is the quadratic map with 
the cross effect p as in Definition |21 and 



Next we introduce the symmetric version of the tensor product. 

Definition 7. For two square groups A, B we define their tensor product A Q B which 
is again a square group defined as follows. The group (A B) e is defined by generators 
of the form x@y, x © y for x G A c , y G B e and a®b for a G A ee , b G B ee , subject to the 
relations 

(1) the symbol a®b is bilinear and central in (A@B) C ; 

(2) x@(yi +y 2 ) = x@yi + x@y 2 ; 

(3) (xt + x 2 ) © y_ = xi © y + x 2 © y; 

(4) P(a)@y = a®A(y); 

(5) x@P(b) = A(x)®b; 

(6) T(a)®T{b) = -a®b; 

(7) x@y - x © y = H(x)®TH{y). 

Next the abelian group (A 5) ee is defined to be A ee 5 ee . The homomorphism 



H(x © y) = A(x) H(y) + H(x) ® {y\y) 
H(a®b) = a b - T(a) T(b). 



P 



(A OB) 



cc 



(A0S) e 



is given by 



P{a®b) 



a®b 



and the map 



(A05) e 



cc 



is the unique quadratic map with 

H{x@y) = (x\x) H H(y) + H(x) A(y), 
H(x ®y) = A(x) H(y) + (y\y) H 



and 



^(006) = a b - T(a) T(b) 
such that its cross-effect coincides with the bilinear map p in Definition^ 
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Proposition 8. For any square groups A, B the above data define square groups A B 
and A© B and both of them are isomorphic to A@B . 

The proof of this fact is given in Section 
Corollary 9. The symmetry isomorphism 

t(A,B) -.AQB^BQA, 
corresponding to the symmetry for A@B under the above isomorphism, is given by 

x@y i — y © x, 
x © y i — ► y@x. 
a®b i — > b®a. 

Remark 10. The notation above is chosen to be compatible with the notation for exte- 
rior cup products f#g and f#g in topology, see [T], [TJj. Here being left linear, 
corresponds to x © y and f#g, being right linear, corresponds to x©y, see jO]. In fact, 
the construction of A 5 above originates from properties of the exterior cup products. 
Compare also the tensor product of "quadratic modules" in j2j. 

3. Preliminaries on Nil 2 -groups 

Groups will be written additively. In particular, for elements a, b G G of a group G their 
commutator will be denoted by [a, b] = —a — b + a + b. For any group G we denote by 
&{G) the center of G. 

A group G is of nilpotence class two, or is a nil 2 -group, if all triple commutators of G 
vanish, [[G, G],G] = 0. The category of all such groups and their homomorphisms will be 
denoted by Nil. 

For any G G Nil there is a well-defined homomorphism A 2 (G ab ) — > G given by a A b i— > 
[a, 6]. Here and elsewhere x denotes the class of x G G in G ab = G/[G, G\. Moreover, one 
has the inclusion [G, G] C 3?{G) and for any a, b G G and any nfZ one has 

(1) na + nb = n(a + b) + ^ ^ [a, 6]. 

The category Nil has all limits and colimits. For G*i and G 2 in Nil let G\ V G 2 denote 
their coproduct in Nil. Then one has the following central extension 

(2) -> Gf ® Gf ^G 1 WG 2 ^G 1 xG 2 ^0. 

Here the homomorphism % is given by x y i— > [«i(x), ^(y)] f° r ^ ^ Gi,y G G 2 , where 
it : Gt — > G\ V G 2 , t = 1, 2 is the canonical inclusion. 

The inclusion functor Nil C Groups has a left adjoint, given by 

G^G nil :=G/[[G,G],G]. 

The forgetful functor Nil — > Sets has a left adjoint, whose value on a set S is known as 
the free nilpotent group of class two generated by S and is denoted by (S) m . One has 
(S) ml = (F s ) Di \ where F s is the free group on S. 
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The following is an easy consequence of the theorem of Witt on the lower central series 
of a free group: 

Lemma 11. For a free nil^-group G one has the central extension 

-> A 2 (G ab ) -> G -> C7 ab -> 0. 

It follows that there is a normal form of elements in (S*) 1111 for each linear ordering of the 
set S. Namely, all elements of (S) m can be written in a unique way in the form 

(3) n\x x + ... + n p x p + mxlyx, Zx] + ... + m q [y q , z q \ 

with Xi,yj, Zj G S and n^rrij G Z\ {0} for all z, j and moreover xi < ... < x p , yi < z%, 
w 9 < z g with respect to the given ordering of S and (yi, z\) < ... < (y q , z q ) with respect to 
the induced (left) lexicographic ordering of 5* x S. 

4. Preliminaries on quadratic maps 

Let G and G' be additively written groups of nilpotence class two. Recall that a map 
/ : G —>■ G' is quadratic if for any a, b G G the cross-effect 

(a | b) f :=-f(b)-f(a) + f(a + b) 

is a central element in G' and is linear in a and b. Then /(0) = and the cross-effect yields 
a well-defined homomorphism (— | : G ab (g> G ab — > 3f(G'). Moreover, the following 
holds (see [13] ) 

(4) /(na) = nf(a) + 



\V\ ( a I a )f , nez, 



(5) /([a,6]) = (o|6) / -(6|a) / . 

Lemma 12. For any set S , any abelian group A, any map 

and any homomorphism 

<P : Z[Sf 2 -> A 

t/iere exists a unique quadratic map 

f : <S> nil -» A 

satisfying 

f{s) = Ms) 



for sGSc (S 1 ) 1111 and 



/(w + u) = /(u) + /(«) + #(u <g> v) 



for u,v G (S 1 ) 1111 . In particular there is a unique map 



H : (S) nil -> Z[5] ® Z[S] 
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satisfying 

H(x) = 

for x G S and 

H(u + v) = H{u) + H{y) + v®u 
foru,v G (S) ml . Thus H is a quadratic map with 

(u | v) H — V ® u, 
H(-u) = -H(u) + u<$u, 
H([u, v]) = v ®u — u®v. 

Proof. Uniqueness is clear from the hypothesis. For the existence, using the above normal 
form (j3J), we can explicitly define 

/(niXi + ... +n p x p + m 1 [y 1 ,z 1 } + ... + m q [y q , z q \) 
= n 1 H (x 1 ) + ... + n p H (x p )+ ( 1 J$(xi®x l ) + ...+ ( ^ \$(x p ®x p )+ ^ nin^^Xi^Xj) 

+ m^ft/j ® z x - z\ ® y x ) + ... + m q $(y q ®z q -z q ® y q ). 
It is easy to see that the so defined / satisfies the required equalities. □ 

The following key lemma is useful for constructing quadratic maps on groups given in 
terms of generators and relations. 

Lemma 13. Suppose a nil^-group G is given by a set S = {xf, i G /} of generators subject 
to the relations {rj;j G J}. For any abelian group A, any I -tuple (ai) ieI of elements in A 
and any homomorphism 

$:G &h ® G ab -> A 
there exists a unique quadratic map 

f : <S> nil -> A 

satisfying 

f(xi)=a h (xi\xi')f = $(xi,Xi>), i,i'el. 

Moreover this map factors through the quotient map q : (S) ml -» G to yield a quadratic 
map G — > A if and only if it satisfies 

/(r i ) = 0, jeJ. 

Proof. Existence of / : (S) ml — > A is a direct consequence of Lemma fT21 It is clear that if 
/ factors trough G then f(rj) = for all j G J. Conversely, assume this condition holds. 
We have to show that f(x) = f(y) provided y = r + x, where r lies in the smallest normal 
subgroup B of (S) containing all rj, j G J. Observe that $(r, — ) = for any r G B, 
so that restriction of / to B is a homomorphism and moreover f(y) — f(r) + f(%), so it 
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remains to prove that / vanishes identically on B. For this, it suffices to show that for any 
r G B with f(r) = one also has f(—z + r + z) = for any z G (S). Indeed 

f(-z + r + z) = f{-z) + f(r + z)+ &(-z, r + z) 

= f(-z + z) 
= 0. 

□ 



5. Square groups and pre-square groups 

In this section we list main properties of square groups and introduce various special 
cases of square groups. Also quotients, coproducts, central extensions in the category 
of square groups are described. We then outline the simplicial theory of square groups. 
Finally we discuss pre-square groups needed in the proof of our main results. 

5.1. Properties of square groups. Let 

M=(M e -^M ee -^M e ) 

be a square group as in Section [T] Then P (x \ y) H = —x — y + x + y implies that 
[M e , M e ] C lm(P), while {Pa | y) H = = (x | Pb) H shows that lm(P) C 3T(M e ). In 
particular M e is a nil 2 -group and Coker(P) is a well-defined abelian group. 

Proposition 14. 

i) One has 

H(-x - y + x + y) = (x | y) H -(y\ x) H . 
Moreover, the function 

T = HP — Id 

is an involutive automorphism of M ee , i. e. T 2 = ldjvf ee . Furthermore one has 
PT = P, T(x\y) H + (y\x) H = 0. 

ii) The function A : M e — > M ee is linear, where 

A{x) = HPH(x) - 2H{x) + {x \ x) H 
= HPH(x) + H(2x) - AH(x) 
= {x | x} H - H(x)+TH(x) 
= H(-x)+TH(x) 

and furthermore one has 

AP = 0, PA = 0, A + TA = 0. 
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iii) For any integer n, the map n* : M e — > M e defined by n*(x) = nx + C£)PH(x) is a 
homomorphism. Moreover one has 

[nm) = n m 

and 

P(n 2 a) = ri*(P(a)), (n*x \ n*y) H = n 2 (x \ y)n- 

Proof, i) Since H is quadratic and M ee is abelian we can use identity (jSJ) to get the first 
identity. We have 

(a | b) T = (a | b) HP = (Pa | Pb) H = 0. 
Thus T is a homomorphism. Furthermore, one has 

T 2 = (HP - \d)(HP - Id) = HPHP - 2HP + Id = H(P + P) - 2HP + Id = Id. 
Similarly 

PT = P(HP - Id) = PHP -P = 2P-P = P 

and 

T ( x I v)h = HP(x\ y) H - (x | y) H = H([x,y]) - (x\y) H = -(y\ x) H . 
ii) Since H takes values in an abelian group, we have 

A(x + y) = HPH(x + y) - 2H(x + y) + (x + y \ x + y) H 
= HPH(x) + HPH(y) + H([x, y]) - 2H(x) - 2H(y) - 2 (x \ y) H + (x + y | x + y) H 
= A(x) + A(y) + H([x, y\) - (x \ y) H + (y \ x) H = A(x) + A(y). 

Hence A is additive. To get the other expressions for A observe that H(2x) = 2H(x) + 
well as TH = HPH — H and H(—x) = —H(x) + (x \ x) H . Moreover, we have 
AP = HPHP - 2HP = and PA(x) = PHPH(x) - 2PH(x) + [x, x) = 0. Similarly 

TA(x) = THPH(x) - 2TH(x) + T((x \ x) H ) = 

= HPHPH(x) - HPH(x) - 2HPH(x) + 2H(x) - (x \ x) H 

= -HPH + 2H(x) - (x | x) H = -A(x). 

iii) We have 

n*(x + y) = n(x + y) + ^ j PH(x + y) 

= nx + ny+ (™j (-[x,y] + PH(x) + PH(y) + P(x \ y) H ) 



nx + ny + I " ) (PH(x) + PH(y)) = n*(x) + n*(y). 



2 

Thus n* is indeed a homomorphism. We also have 

n*(m*(x)) = n(mx + (™\pH(x)) + (^jPH(mx + (™jPH(x)). 
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□ 



Since PH(x) is a central element, we obtain 
n*(m*(x)) = nmx+{n(^yj + (^j m + 2 (^j (™^J) PH ( X ) 

^ JPH(x) = (mn)*(x). 

Furthermore, we have 

n*(Pa) = nP(a) + (^jPHP(a) = nP(a) + {n 2 - n)P(a) = n 2 P(a) 

and 

(n*(x) | n*(y)) H = (nx + P( Q H(x)) \ ny + P( h) H{y))) H 
= (nx | ny) H = n 2 (x \ y) H . 

Corollary 15. The cross-effect and A yield homomorphisms 

(-, -) H ■ Coker(P M ) ® Coker(P M ) -> M ee 

and 

A : Coker(P M ) Ker(P A/ ) C M ee . 
Moreover A yields the natural homomorphism 

k M : Coker(P M ) ^ Ker(^, ^ M e ) 

One a/so /ias 

fc M (x) = (x\x) H 

pM 

in Ker(|^ > M c ) for any x E M c . 

5.2. Abelian square groups and quadratic Z-modules. A square group M is called 
abelian if H is a homomorphism, that is (x \ y) H = for all x, y G M e , equivalently abelian 
square group consists of two abelian groups M e and M ee together two homomorphisms 
P : M ee — > M e , H : M e —> M ee such that PHP = IP . Abelian square groups correspond 
to quadratic functors Groups — > Ab preserving filtered colimits and reflexive coequalizers. 
The category of abelian square groups is denoted by Ab(SG). 

Let us recall that a quadratic Z- module (see jS], [7j) is a square group M for which 
(— | — ) H — and A = 0. Equivalently a quadratic Z- module is given by two abelian 
groups M e and M ee together with two homomorphisms P : M ee — > M e H : M e — > M ee such 
that PHP = 2P and HPH = 2H. Quadratic Z-modules correspond to quadratic functors 
Ab — > Ab preserving filtered colimits and reflexive coequalizers. The category of quadratic 
Z-modules is denoted by QZ. 
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Thus we have the following full embeddings: 

Ab c QZ c Ab(SG) C SG. 

Here abelian groups corresponds to square groups M with M ee = 0. 

For any abelian group A, let A® be the quadratic Z-module defined as in Proposition El 

Lemma 16. For any square group M and for any abelian group A one has the isomorphism 

Hom SG (A®,M) S Hom(AM ee ). 

Proof. Take a homomorphism g : A — > M ec . We define / = (f e , f ee ) : A® — > M by 
f e (a) = Pg{o) and /ee(o, &) = g( a ) +Tg(b). Then / is a morphism of square groups and one 
easily sees that in this way one gets all such maps. Indeed, one takes g(a) = / ee (a, 0). □ 

Of special interest is the quadratic Z-module Z® since by Lemma IT6l 

Hom SQ (Z®,M) = M ee . 

We will need also the following construction. Let L be an abelian group and let r be an 
involution on L. Then E(L, r) is the quadratic Z-module with 

E{L,t) c = Coker(L ^ L) 

E(L,r) e = L 

where P is the natural projection onto quotient, while H is induced by the homomorphism 
Id-r. 

5.3. Sets versus square groups. There is a functor 

Z n ii[— ] : Sets — > SG 
which is constructed as follows. For a set S one puts 

Z nn [S} cc = Z[S}(g)Z[S}, 

where Z[S] is the free abelian group generated by S. We take Z^S^ to be (S) ml , the free 
nil 2 -group generated by S. The homomorphism P is given by P(s ® t) — [t, s], s,t G S, 
while the quadratic map H is uniquely defined by 

H(s) = 0, (s\t) H = t®s s,t e S. 

If S is a singleton, we obtain Z ni i = ZnufiS], see Definition [T] 
For general S one has 

Coker(P z " il [ 5 l) = Z[S] 

and the homomorphism 

A : Z[S\ = Coker(P Znil[5] ) -> Z[5] ® Z[S] = Z nil [S] cc 
is given by A(s) = (s, s). Moreover, the homomorphism 

T : Z[5] ® Z[S] -> Z[5] ® Z[5] 
is given by T(s ® t) = — t ® s. 
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It turns out that the functor Z nil [— ] : Sets — > SG is a left adjoint. Let M be a square 
group. An element x G M e is called linear if if (x) = 0. Let L(M) be the subset of linear 
elements in M c so that we obtain a functor 

L : SG -> Sets. 

Proposition 17. 27ie functor Z ni i[— ] : Sets — > SG is Ze/t adjoint to the functor L. 

Proof. Let 5 be a set and M be a square group. Given a morphism / : Z^S*] — > M of 
square groups, the composite S C Z^S] — > M is a map /o; moreover its image is contained 
in L(M) since = for s G S and / is compatible with H . 

Conversely we must show that any map /o : S — > L(M) C M e extends uniquely to a 
square group morphism / : Z^S] — > M. First, there is clearly a unique group homo- 
morphism f e : Z^S 1 ^ — > M e extending f , as Z^S 1 ^ is the free nil 2 -group on S and M e 
is a nil 2 -group. Moreover, by compatibility of a morphism of square groups with H we 
necessarily have 

fee(s ® s') = / ee ((s'|s)if) = (/o(s')I/o(s))h 

for any s, s' G 5. Hence we also have a unique choice for / ee : Z[M] ® Z[M] — > M cc and 
one has 

fee{.X®y) = (f e {y)\fe(x)) H 

for any x,y G Z ni i[M] e . 

It remains to show that the pair (/ e , / ee ) yields a morphism of square groups 

(/ e ,/ ee ):Z nil [S]^M. 

Indeed, compatibility with P is clear since 

f e P(s®s')=f e P({s'\s) H )=f e [s',s] = lf (s')J (s)]=P((f (s')\f (s)) H ) = PfUs®s') 

as fe, fee and P are group homomorphisms. Since image of /o is in L(M), compatibility 
with if holds on elements of S; moreover if it holds on x and y, one has 

f ee H(x + y) = fUH(x) + H(y) + y ® x) = Hf e (x) + Hf e (y) + (f e (x)\f e (y)) H 

= H(f c (x) + f c (y)) = Hf c (x + y). 

This finishes the proof. □ 

5.4. Normal subobjects and quotients of square groups. Obviously for any mor- 
phism / : M — > of square groups kernels of f c and / ee determine a sub-square group 
Ker(/) of M. Sub-square groups of this form can be characterized as those K >— > M for 
which K c is normal in M e and moreover one has 

{M C \K C ) H ,{K C | M C ) H C K ee , 

i. e. for any x G M c , k £ K c one has G K cc and (fc|a;)if G i^ ee . Such sub-square 

groups will be called normal. For any normal sub-square group K < M the quotient Mj K 
is defined, with (M/K) e = M e /K e , (M/K) ee = M ee /K ee ; here P : M ee /K ee -> M e /i^ c is 
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the uniquely determined homomorphism whereas H : M e /K e — > M ee /K ee is the uniquely 
determined map by virtue of 

H(x + k) — H(x) = H(k) + (x\k) H G K cc 

for any x G M e , k G K e . 

Cokernels of morphisms in SG are defined as follows. For a morphism / : M — > iV of 
square groups, let Coker(/) be the quotient of N by the smallest normal sub-square group 
generated by lm(/). Thus one has 

Coker(/) c = Coker(/ e ), 

i. e. Coker(/) e is the quotient of N e by the normal subgroup generated by the image of f e , 
and 

Coker(/) cc = Coker(/ ee )/(lm(/ e )|iV)tf, 

that is, Coker(/) ee is the quotient of N ee by elements of the form / ee (a) for a G M ee and 
(f e {x)\y) H for x G M e , y G N e . 

Lemma 18. Let f : M — > N be a morphism in SG. Then the following conditions are 
equivalent: 

(1) f e and f ee are surjective; 

(2) for any morphism h : N — > N' in SG with hf = one has h = 0; 

(3) Coker(/) = 0. 

Proof. We show that (3) (1). The rest is trivial. Assume (3) holds. It follows that 
Coker(/ c ) = 0. Hence / e is surjective (see for example Exercise 5, Section 5, Chapter 1 in 
[TT?]). Moreover (3) implies 

Nee = fee(Mee) + (f e (M e ) | N e ) H + (N e | f e (M e )) H . 

Since N e = / e (M e ), we see that 

Nee = fee(Mee) + (/ e (M e ) | fe{M e )) R = / e e(M ee ) + / ee ((M e | M e ) H ) 

and hence / ee is surjective. □ 

A morphism / : M — > N in the category SG is called an epimorphism provided it satisfies 
the conditions of Lemma ITS1 One easily deduces from Lemma ITH1 that the class of effective 
epimorphisms (Section 4, Chapter 2, [22]) in the category SG coincides with the class of 
epimorphisms. 

5.5. Central extensions of square groups. A sequence of square groups 

-> B -> C ^0 

is called short exact if it is exact on the e-level and the ee-level. We will say that it is a 
central extension if A e is a central in B e and (x \ y) H = provided x G A e and y G 5 C , or 
x G -B e and y G A e . In particular A is a normal sub-square group of B and H is linear on 

A^ 
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Lemma 19. Let 

^ B ^ 

be a short exact sequence in SG. Then there is a well-defined square group A' defined by 

A' c := {x G A c | x + y = y + x & (x \ y) H = = (y \ x) H , y G B c }, 
A' cc := {a G A cc \ P{a) G JQ, 

and H and P being the restriction of P A and H A . Moreover the columns and the bottom 
row of the commutative diagram 



A'^^A' 

" 

*-A *-B >C ^0 

id 

A/A' B/A' C 

" 



are central extensions of square groups. 

Proof. Take any element x from A e . Then PH(x) G A' c . In particular H(A' e ) C A' ee and 
therefore A' is well-defined. It is obvious that the columns are central extensions of square 
groups. Take now any elements x G A c and y G B c . Then the commutator [x, y] projects 
to zero in C and therefore [x, y] G A c . Since N c G Nil and the cross-effect of H vanishes on 
commutators it follows that [x,y] G A' c . Thus (A/A') c is a central subgroup of (B/A') e . It 
remains to show that H(x,y) G A' cc . But this follows immediately from the facts that the 
image of H(x,y) in C cc vanishes (thus H(x,y) G A ee ) and PH(x,y) G A' c . □ 

5.6. Coproduct of square groups. Let M and iV be square groups. Then their coprod- 
uct M V N in the category of square groups has the following form 

M V N = ((M V iV) c (M V A^) cc A (M V iV) e ) 

where 

(M V AT) ec = M cc © iV cc © Coker(P M ) © Coker(P JV ) © Coker(P w ) © Coker(P M ) 

while (MVN) e is the quotient of the coproduct M c \/ N c in the category Nil by the following 
relations 

P M (a) +y = y + P M (a), a G M cc , y G N e , 

P N (b)+x = x + P N (b), beN cc ,xeM c . 
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Moreover, P and H of M V N are given by 

P{a + b + x l ®y l +y 2 ® x 2 ) = P M (a) + P N {b) + [x ± , Vl ] + [y 2 , x 2 ], 

H(x + y+ [xi,yi]) = H M (x) + H N (y) + x <g> y + rn <g) yi - y x <g> x l 

where x,xi,x 2 G M c , y,y^y 2 e N c , a e M ee , 6 e 7V ee . 

Let us also observe that one has a central extension of the form 

-> Coker(P M ) <g> Coker(P JV ) -> (M V JV) C -> M e x N e -> 0, 

which implies the short exact sequence of square groups 

(6) -> (Coker(P M ) <g> Coker(P Af ))® ^MViV-^Mx JV-»0. 

Here j c (x <g> y) = [x, y] and j ee (xi <g> y u x 2 <g> y 2 ) = xi <g> yi + y 2 <8> x 2 - 

Since the map P M is surjective for M = A®, we obtain that for any abelian group A 
and any square group M one has 

A® V M = A® x M. 
In particular for abelian groups A and B one gets 

A 8 V5 8 = (Affi B)*>. 

5.7. Free and projective square groups. We need the following square group IP de- 
fined by 

(Z Q ) C = Z © Z, (Z°) cc = z © z © z, 

with the maps P and if given by P(a, 6, c) = (0, a + 26) and if(m, n) = (m, n, (™)). One 
easily shows that for a square group M one has the natural isomorphism 

Hom SG (Z Q ,M) = M e . 

For any set S we put 

V(S) := \/Z Q . 

ses 

It follows that 

Hom SG (HS),M) = Hom S ets(S,M e ). 
Thus the functor V : Sets — > SG is left adjoint to the functor 

SG -> Sets, M i-> M e . 

Now we give the following explicate construction of V(S). We consider three further copies 
of S, which are denoted respectively by HS, PHS and HPHS. For an element s <E S the 
elements Hs, PHs, HPHs correspond to s in these copies. Then we take 

V(S) e = (S) nil x Z[PHS], 
V(S) ee = Z[HS] © Z[S x S] © Z[HPHS}. 
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Moreover, H is the unique quadratic map with 

H{s) = Hs, 
H(PHs) = HPHs, 

I t) H = 

(s | PHt) H = = {PHs | t) H = (PHs | P#t) H . 

Here s,t & S. The homomorphism P is given by 

P(Ps) = PHs, P(s,t) = [s,t], P(HPHs) = 2PHs. 

The fact that this is really isomorphic to V(S) can be deduced either from Section I5~o1 or 
directly by the universal property. 

Properties of the functor A i— > A® imply that the functor Sets x Sets — > SG given by 

(S,T) i-> V{S) x (Z[T})® = V(S) V (Z[T])® 

is left adjoint to the forgetful functor 

SG -> Sets x Sets, M ^ (M e , M ee ). 

A square group is called free if it is isomorphic to V(S) x (Z[T])®. A square group is 
called projective provided it has the familiar lifting property with respect to epimorphisms 
of square groups. Any free square group is projective and any projective square group is a 
retract of a free square group. 

Lemma 20. For any square group M there exists an epimorphism F -» M, where F is 
free. 

Proof. One can take F = V(M C ) x (Z[M ee \)® with the morphism adjoint to (Id^, Id^e)- D 

5.8. Simplicial objects in the category SG. Let Simpl(SG) be the category of simplicial 
objects in the category SG of square groups. Any such simplicial object X defines two 
simplicial groups X e and X ee as well as a morphism P : X ee — > X e of simplicial groups. 
The map H yields a morphism of simplicial sets H : X e — > X ee . If one passes to homotopy 
groups, then one obtains groups VTj(X c ) and 7rj(A ee ) together with induced homomorphisms 
P : iii(X cc ) — > 7Tj(X e ), i ^ 0. The map H yields a quadratic map H : 7r (A c ) — > 7To(A ee ) and 
homomorphisms H : TTi(X c ) — > TTi(X ee ) for i ^ 1. It is clear that the equation PHP = 2P 
still holds for induced maps. It follows that for each i ^ 1 one obtains a well-defined 
abelian square group 

TiiX e Ab(SG),i ^ 1 

with 

(7TiA) c = 7Tj(A c ), (7riA) cc = 7ri(A ee ). 
We also have a well-defined square group 

vroPO G SG, 

since all equations defining a square group hold in X , the zero component of X, and 
therefore they remain true in the quotient 7Tq(X). 
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By 15.71 the category SG satisfies all conditions of Theorem 4 Section 4, Chapter 2 [2~3] . 
Hence the category Simpl(SG) of simplicial objects of SG possesses a closed model category 
structure, where a morphism / is a weak equivalence (resp. fib-ration) provided f e and 
fee are weak equivalences (resp. fibrations) of underlying simplicial sets. According to 
[2H] cofibrations are retracts of free maps as they are defined in (231- Equivalently, a 
map / : X — > Y is weak equivalence if and only if the induced map of square groups 
fi : 7Tj(X) — > VTj(y) is an isomorphism for all i ^ 0. 

5.9. Pre-square groups. 

Definition 21. A pre-square group consists of a diagram 

M = (Me X M e ^— ^ M ee ^ Mee ^ M e ) . 

Here M ee is an abelian group and T is a homomorphism with T 2 = Id and M e is a group 
written additively, P is a homomorphism and {— , — } is a bilinear map, that is {x + y, z} = 
{x, z} + {y, z) and {x, y + z] = {x, y} + {x, z}, for all x,y,z G M e . Moreover one requires 
the following identities: 

(a) PT = P, 

(b) T{x, y} + {y, x} = 0, x, y e M e , 

(c) P{x, y} = -x - y + x + y, x,y G M , 

(d) {x, Pa} = 0, x G M e , a G M ee . 

It follows from (b) that one has {Pa, x} = 0. It follows from (c) and (d) that Pa lies 
in the center of M e . Thus Coker(P) is well-defined and by (c) it is an abelian group. It 
follows that M e is a group of nilpotence class 2. Bilinearity of the bracket together with 
(d) shows that there is a well-defined homomorphism 

{-, -} : Coker(P) ® Coker(P) -> M ee . 

We let PSG denote the category of pre-square groups. It is clear that the full subcategory 
of PSG consisting of pre-square groups with trivial M ee = is equivalent to the category 
of abelian groups. In what follows we identify abelian groups with such pre-square groups. 

Thanks to Proposition El for any square group the following object 

p(M) = (M e , M ee , T = HP~ Id, (-, -) H , P) 

is a pre-square group. Thus we obtain the forgetful functor 

p : SG -> PSG. 

Comparing the definitions we immediately obtain the following easy, but useful result. 

Lemma 22. Let M be a pre-square group and let H : M e — > M ee be a map. Then 
(M e , M ee , P, H) is a square group with p(M e , M ee , P, H) = M iff {x,y} = (x \ y) H and 
\d + T = HP. 

The following Lemma is an immediate consequence of Proposition El 
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Lemma 23. For any square group M and any integer n, there is a morphism of pre- square 
groups 

n* = (n*) M : p(M) -> p(M) 
which on ee-level is the multiplication by n 2 , while on e-level it is given by 

xi->nx4- ^\pH(x). 

6. The tensor product as a monoidal structure of SG 
In this section we prove Theorem El 

6.1. The tensor product of a pre-square group and a square group. Before con- 
sidering the tensor product of square groups as a square group for technical reasons we 
construct first the bifunctor 

© : PSG x SG -> PSG. 

Definition 24. Let M be a pre-square group and N be a square group, then M@_N is the 
pre-square group, which on the ee-level is given by 

(M@N) ee = M ee ® N ee . 

Moreover (M©N) C is generated by elements of the form x@y for x G M e , y E N e and a®b 
for a G M ee , b G iV ee , subject to the relations 

(1) the symbol a®b is bilinear and central in (M©N) e , 

(2) x©(y 1 + y 2 ) = x@y! + x©y 2 , 

(3) (xi + x 2 )@y = + x 2 @y + {x 2 , xi}®H(y), 

(4) x@P(b) = {x, x}®b, 

(5) P{a)@y = a®A(y), 

(6) T{a)®T{b) = -a®b. 

The homomorphism 

P : (M@iV) ec -> (M@iV) e 

is given by 

P(a ® b) = a®b. 
The involution on (M©iV) ee is given by 

T(a®b) = -T(a) ® T(6), 

while the bracket is given by 

{x©y,x'@y'} = {x,x} ® (y \ y') H , 
{■u,a(g>6} = = {a®6, u}, 

where it G (M@A^) e . 
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We now show that M©N is a well-defined pre-square group satisfying the identities in 
Definition [IHJ Identity a) follows from the identity 6) of the definition of M@N, while d) 
is a direct consequence of the description of P. Identity b) can be verified as follows 

T{x@y, x'@y'} =T({x, x'} <g> (y | y') H ) 

= -T({x,x'})®T((y\y') H ) 
= - {x',x} g) (y' | y) H 
= - {x ® y', x ® y}. 

It remains to check identity c). Since P{x@y, x'@y'} = {x, x'}®{y \ y')n, this must be 
equal to —x@y — x'@y' + x@y + x'@y'. Consider 

(x' + x)@(y + y') ={x + x)@y + {x' + x)©y' 

=x'@y + x@y + {x, x'}®H(y) + x'@y' + x©y' + {x, x'}®H(y') 

=x'@y + x@y + x'@y' + x@_y' + {x, x'}®(H(y) + H(y')) 

=x'©y + x@y + x'©y' + x@y' + {x, x'}®(H(y + y')) - {x, x'}®(y\y') H - 

On the other hand the same expression expands to 

(V + x)@_{y + y) = x'@{y + y') + x@_{y + y) + {x, x'}®H{y + ?/') 

= x'®?/ + x'@y' + x@y + + {x, x'}®H(y + y'). 

Comparing these expressions gives 

(7) -x@y - x'@y' + x@y + x'@y' = {x, x'}®(y\y') H 

which is the equality we need. Thus we have constructed a well-defined tensor product 
PSG x SG -> PSG. 

Lemma 25. Let M be a pre-square group and N be a square group. Then one has the 
following identities in M@N. 

(1) {x 2 ,x 1 }®b — {xx, x % }®Tb, 

(2) (nx)@y = x@(ny + fyPHy), 

(3) [x x , x 2 ]@y = {x u x 2 }®(HPHy - 2Hy). 
Here x, Xi,x 2 G M c , y G iV e? b G M ee and n G Z. 

Proof. We have 

{x 2 ,xi}®6 = (-T{xi,x 2 })®TT6 = {xi,x 2 }®T6 

and (1) is proved. For a given y <E N e consider the map / : M e — > M ee defined by 
f(x) = x@y. Then / is quadratic, with cross-effect given by 

(xi \x 2 ) f = {x 2 ,x 1 }^H(y). 

Thus by identity (jlj) in Section |U we have 

(nx)@y = f(nx) = nf(x) + f ™ J (x | x) f = n(x@y) + ( ^ J ({x, x})®H(y). 
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Since ® is linear with respect to the second variable, (2) follows. Next we use identity © 
in section E| to get 

[x 1 ,x 2 ]@y = f([x 1 ,x 2 )) = {xi | x 2 )f- (x 2 | x x ) f = {x 2 ,x 1 }^Hy - {x 1 ,x 2 }®Hy. 
By (1) in Lemma 1251 we get 

[xi, x 2 ]@y = {x 1: x 2 }®{THy - Hy). 
But TH = HPH - H and the result follows. □ 



6.2. The tensor product of square groups. Assume now that M and N are square 
groups. We have to show that Hm@n is well-defined and M@N is in fact a square group. 
To prove the first assertion we show that the conditions of Lemma EH are indeed satisfied, 
namely, that the quadratic map H (when considered as a quadratic map from a free nil 2 - 
group to (M ® N) ee ) respects the relations from the definition. First, bilinearity of a®b is 
respected since H(a®b) = a®b — T(a) <8)T(b) is bilinear and the cross-effect of H vanishes 
on all elements of the form a®b. Centrality of a®b is trivially respected as the values are 
taken in an abelian group. Next, the relation (J2J) in Definition |21 is respected since 

H{x©y x + x@y 2 - x@{yi + y 2 )) 

=H(x@y 1 + x@y 2 ) + H(-x©(y 1 + y 2 )) + {x®yx + x@y 2 \ - x@(y 1 + y 2 )) H 
=H{x®y x ) + H(x@y 2 ) + (x® yi \x®y 2 ) H - H(x@( yi + y 2 )) 

+ {x@{yi + y 2 )\x@{yi + y 2 )) H + {x@yi + x@y 2 \ - x®{y x + y 2 )) H 
={x\x) H ® H{yx) + H(x) <g> A( Vl ) + (x\x) H ® H(y 2 ) + H{x) <g> A(y 2 ) 

+ (x\x) H ® (yi\y 2 ) H - (x\x) H ® H(y 1 + y 2 ) 

- H(x) <g> A(yi + y 2 ) + (x\x) H ® {y x + y 2 \y x + y 2 ) H 

- + y 2 ))i? - (s@2/2|x@(yi + y 2 )) H 

= {x\x) H g> H(y 1 ) + (x\x) H <g> #(y 2 ) + ® Q/il^H 

- <g> (iT(yO + #(y 2 ) + (yi|y 2 )/f) 
+ ® + (aj|»)fl ® (j/i|ya)H 
+ {x\x) H ® {y2\yi)H + {x\x) H ® (2/2 1 2/2) # 

- (x\x) H <%> (yi\yi + 2/2) h - 0|x)h <g> (2/2 + 2/2)// 
= 0. 
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For the relation (J3J) Definition |21 we have 

H(xi@y + x 2 @y + (x 2 \x l ) H ®H(y) - (x x + x 2 )@y) 

=H(x 1 @y + x 2 @y + {x 2 \x 1 ) H ®H(y)) + H{-{x x + x 2 )@y) 

+ (xi©y + x 2 @_y + (s 2 |^i)ff®-H"(y)| - Oi + x 2 )@y) H 
=H(x 1 @_y + x 2 @y) + H^x^H^Hiy)) 

- H((x! + x 2 )©y) + ((xi + x 2 )@y| (xi + x 2 )@y) H 
~ {x\©y\{xi + x 2 )@y) H - {x 2 @_y\(xi + x 2 )@_y) H 

=H(x 1 @_y) + H(x 2 @y) + {x x ®y\x 2 ®y) H 
+ {x 2 \ Xl ) H ® - T((o; 2 |x 1 )h) ® TH(y) 

- (x\ + x 2 \xi + x 2 ) H ® H(y) - H(x\ + x 2 ) ® A(y) 
+ (xi + x 2 \xi + x 2 ) H ® {y\y) H 

- (xi\xi + x 2 ) H ® - (x 2 |xi + x 2 ) H ® (y\y) H 

= {^i\xi)h ® + ff(ari) ® A(y) + (x 2 |x 2 ) H ® fffo) + H(x 2 ) ® A(y) 

+ (^ik 2 )if ® (2/|2/)h + («2ki)H ® + fallen ® ^(j/) 

- (xi + x 2 \xi + x 2 ) H ® if(y) - + H(x 2 ) + (xi\x 2 ) H ) ® A(y) 

=(xi\x 2 ) H ® {v\v)h + (xi\x 2 ) H ® TH(y) 

- (xi\x 2 ) H ® -H"(y) - (^iMh ® A(y) 
=0. 

Next for the relation (J1J Definitional we check 

H(x®P(b) - (x\x) H ®b) = H(x@P(b)) - H((x\x) H ®b) 

= (x\x) H ® HP(b) + H(x) ® AP(b) -{x\x) H ®b + T{{x\x) H ) ® T(b) 

= (x\x) H ® (HP(b) -b- T(b)) = 

and for (J3J) 

H(P(a)@y - a®A(y)) = H(P(a)@y) - H(a®A(y)) 

= (P(a)\P(a)) H ® + FF(o) <8> A(y) -a® A(y) + T(a) <g> TA(y) 

= (HP(a) -a- T(a)) ® A(y) = 0. 

Finally the relation © Definition |21 is respected since 

#(a®6 + T{a)®T(b)) = H(a®b) + H(T(a)®T(b)) 

= a®b- T(a) ® T(6) + T(a) ® T(6) - TT(a) ® TT(6) = 0. 

Moreover we have to show that identities of square groups hold for M@N. But we have 
already proved that it is a pre-square group, thus by Lemma 1221 we have only to check the 
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identity Id + T = HP, which holds because 

HP(a <g> b) = H(a®b) = a®b- T(a) <g> T(b)) = a®b + T{a <g> b). 
Thus we get the well-defined tensor product — ©— :SGxSG^SG. 
Lemma 26. Let M and N be square groups. Then one has the following identity in M@N. 

HPH(x)®b = H(x)®(b - Tb). 

Here x G M c and b G M ee . 
Proof. We have 

(HPHx)®b = (Hx + THx)®b = (Hx)®b + (THx)®b = (Hx)®b - (Hx)®Tb 
and the result follows. 

□ 

6.3. Associativity. Our next goal is to show that the tensor product in SG defines a 
symmetric monoidal structure. To construct associativity isomorphisms we introduce the 
triple tensor product A@B@C; we will then construct isomorphisms of this object to 
(A@B)@C and A@(B@C). 

We define (A@B@C) C by generators of the form x@y@z for x G A c , y G B c , z G C c and 
a®b®c for a G A, b G B, c G C, subject to the relations 

(1) a®b®c is central and trilinear; 

(2) x@y@(z + z') = x@y@z + x©y@z'; 

(3) x@(y + y')@z = x@y@z + x@y'@z + (x\x) H ®(y'\y) H ®H(z)] 

(4) (x + x')©y@z = x©y©z + x'@y@z + (x'\x) H ®(y\y) H ®H(z) + (x'\x) H ®H(y)®A(z)\ 

(5) P{a)©y@z = a®A(y)®A(z); 

(6) x@P(b)@z = (x\x) H ®b®A(z); 

(7) :r@yg)P(c) = (x|x)ir®(y|j/)H<i>c; 

(8) T(a)(g)T(b)(g)T(c) = a®b(g)c. 

Moreover we define (A@5®C) CC = A <g> 5 <g> C and P(a ®b®c)= a<g)b®c. Finally we let 
H be the unique quadratic map satisfying 

H{x@y@z) = (x\x) H ®(y\y) H ®H(z) + (x\x) H ®H(y)®A(z) + H(x)®A(y)A(z) 

with cross-effect equal to 

p : Coker(P A @ B @ c ) <g> Coker(P A @ jB @ c .) A A cc <g> P^ <g> C ee 

given by p(ai <g) b\ <g> ci ® a 2 <8> &2 <8> c 2 ) = (ai\a 2 )H <8> (6i|&2)h <8> (ci|c 2 )//. Here we use the 
identification 

Coker(P j4 © jB @ c .) <g> Coker(P A @B@c) 

= Coker(P4) <g> Coker(P B ) ® Coker(P c ) <g> Coker(P A ) <g> Coker(P B ) <g> Coker(P c ) 
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Again by Lemma such H exists and is unique and the same argument as in Section 
16.21 shows that A@B@C is a well-defined square group. By the same methods one shows 
that there is the unique morphism of square groups 

a = a A ,B,c ■ ((A@B)@C) A@B@C 

which is the canonical isomorphism (A cc © B cc ) © C ce — > A cc © B cc © C ce on the ee-level, 
while on the e-level it satisfies the identities 

a((x©y)©z) = x©y©z, 
a((a©b)@z) = a©b©A(z), 
a((a © b)®c) = a©b®c. 

This is an isomorphism with inverse given by 

a^ 1 (x@y@z) = (x@y)@z, 
a' 1 (a®b®c) = (a <g> b)®c. 

Similarly there exists a unique morphism of square groups 

P = Pa,b,c ■ A@(B@C) ^©^©67 

which is the canonical isomorphism A ee © B ee © C ee — * A ec © (B cc © C cc ) on the ee-level 
and on the e-level satisfies 

P(x®[y@z)) = x@y@z, 
(3(x@(b®c)) = (x\x) H ®b®c, 
(3{a®(b © c)) = a<g)b®c. 

This is an isomorphism with inverse given by 

(3-\x©y@z) = x@{y@z), 
[3~ l (a®b®c) = a®(b c). 

From these isomorphisms one obtains that © is indeed associative with associativity 
isomorphisms given as in Theorem |21 The last statement of Theorem |H1 follows from the 
fact that one has 

x®{b®c) = x©P(b © c) = {x\x) H ®{b © c) 
and this corresponds to ((x\x)h © &)©c. 

6.4. The pentagon axiom. The well-known pentagon axiom for monoidal categories 
claims that two natural ways from ((A@B)@C)@D to A@(B@(C@D)) are equal. That is 



26 



H.-J. BAUES, M. JIBLADZE, AND T. PIRASHVILI 



the following diagram commutes. 



(A®B)@(C®D) 





((A@B)@C)@D 




° L/ ° 




A®(B@(C®D)) 



(A@(B@C))@D 



A@((B®C)@D) 



To show this statement in our circumstances let us observe that (((A@B)@C)@D) e is 
generated by elements of the form ((x@y)@z)©w, ((a®b)@z)@w, (((a <g> b)©c)@w and 
(((a © b) © c)©d. Then the statement is clear for elements of the form ((x@y)@z)©w and 
(((a © b) © c)©d. It is also straightforward to check that both ways carry (((a © b)©c)@w 
to a©(b © (c © A(w))). It remains to consider ((a©b)@z)@w. By one way it goes to 
a© {b © (A(z) © A(w)), while by the second way it goes to a© (b © A(z@w)). Thus the 
pentagon axiom follows from the following Lemma. 

Lemma 27. For the homomorphism 



Am@n ■ Coker(P M @jv) = Coker(P M ) © Coker(P N ) -> (M@N) ee = M ec © N ee 



Proof. Since a©b = P(a © b) we have A(a©b) = 0. On the other hand 
A(x©y) =(x@y\x@y) H - H(x@y) + TH(x@y) 



= {x\x) H © (y\y) H - (x\x) H © H(y) - H(x) © A(y) 

+ T((x\x) H © H{y) + H(x) © A(y)) 
=(x\x) H ® (y\y) H - (x\x) H ® H{y) - H{x) © {{y\y) H - H{y) + TH{y)) 

- T((x\x) H ) © TH{y) - TH{x) © TA{y) 
= (x\x) H © (y\y) H - {x\x) H © H(y) - H(x) © (y\y) H 

+ H(x) © H(y) - H(x) © TH(y) + (x\x) H © TH(y) + TH(x) © A(y) 
=(x\x) H © (y\y) H - (x\x) H © H(y) - H(x) © (y\y) H 

+ H{x) © H{y) - H{x) © TH(y) 

+ (x\x) H © TH(y) + TH(x) © {{y\y) H - H{y) + TH(y)) 



A(x) © A(y) =((x\x) H ~ H(x) + TH{x)) © {{y\y) H - H(y) + TH(y)) 

= (x\x) H © (y\y) H - H(x) © (y\y) H + TH(x) © (y\y) H - (x\x) H © H(y) 
+ H(x) © H(y) - TH(x) © H(y) + {x\x) H © TH(y) 
- H{x) © TH(y) + TH(x) © TH{y) 



one has 



A 



■M@N 



= A M © A N . 



and 
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which coincides with A(x@y). □ 

6.5. Unit object for ©. We start to check that Z n ji has the unit object property, where 
(Z n ii)e = (Znii)ee = Z, P = and H (n) = (2) • For any square group A we define 

t(A) B : (Z nil @A) e -> A e 

by 

i{A) e {n®x) = nx + \™\pH{x) 

for fi 6 Z, 1 6 i e and 

i(A) e (nm) = nP(a). 

Let us show that l(A) b respects all relations of Definition^ The relation {!]) of Definition 
E] is clear, because P is a homomorphism with values in the center of A e . We have 

i(A) e (n@(xi + x 2 )) = n(xt + x 2 ) + Q PH(x x + x 2 ). 

Since n(a;i + x 2 ) = nx\ + nx 2 — Q) [%i, x 2 ] and PH(xi+x 2 ) = PH(xi) + PH(x 2 ) + [xi, x 2 ], 
the relation (j2J) of Definition |21 follows. We also have 



All + 

t(i4.) e ((ni + ra 2 )®x) = (m + n 2 )x + 



2 / 



\PH(x) 



n±x + n 2 £ + 



ni 

2 y 



^jPH(x) + ^ 2 ^P#(x) + mn 2 P#(x) 

t(A) e (ni@o;) + L(A) c (n 2 ©x) + t(^) e (nin 2 ®i?(a:)) 



and the relation (jSJ) of Definition [21 follows, because for i?(n) = (2) one has (rii,n 2 )# 
nin 2 . Similarly, we have 

i(A) e (n@P{a)) = nP{a) + r\pHP(a) 

= nP(a)+(£j2P(a) 

= n 2 P(a) 

= L(A) c (n 2 ®a) 

and the condition (@J) of Definitional follows. Since P = for Z n n we have 

i(A) e (P(n)@x) = = nPA(x) = L(A) e (n®A(x)) 
and the condition (j5J) of Definition |2] follows. Finally, one has 

L(A) e (T(n)®T(a)) = -nPT(a) = -nP{a) = -L{A) c (n®a) 

and the relation © of Definition |21 follows. 
We now define 

l(A) cc : (Z nil ©A) ec -> A 



cc 
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by 

i(A) cc (n <E> a) = na. 

We claim that i(A) = (i(A) e , i(A) ee ) defines the natural morphism of square groups i 
Z ni \©A — > A. Indeed, we have 

i(A) e (P(a ® a)) = L(A) e (n®a) = nP(a) = P(na) = P(n <g> a) 

and compatibility with P follows. We have also 

i(A) cc H(n®x) = i(A) cc (n 2 ®H(x) + (™) <g> A(x)) 



n 2 H(x) + f"lA(a;) 



n 2 tf(:r) + QffPffW - {^2Hx + Q (x | x) H 



nH { x )+ ^yx\x )H+{ :)HPHx 
H{nx+ ( n \pHx) 



v 2, 

= Fa(A) c (n@x) 

and the claim follows. 

Next we show that t(A) : Z n n@A — > A is an isomorphism. The inverse is given by 

i: 1 (A)(x) = l@x, L-\A)(a) = 1 <g> a. 

Since 

PQ}(A)(a) = P(l ®a) = l®a = l@Pa = i-\A)(Pa) 

and 

Hl-\A){x) = H(l@x) = \®Hx = Q 1 (A)(Hx) 
it follows that i _1 {A) : A — > Z ni i©A is indeed a morphism of square groups. Since 

L ee (A)L- 1 (A)(a) = Lee(A)(l <g> a) = d, 

t~ 1 (74)t ee (^4)(^ ®a;) = l(g>nx = n(g>x 

and 

i c T 1 (A)i c (A)(n@a;) = l@n:r + 1® Qp/ix = n@x 

we see that l(A) is really an isomorphism. In a similar way we will see that 

h(A) : A@Z nil -> A 
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is an isomorphism of square groups, where A is an arbitrary square group and 



x(A) e (x@n) = nx, x{A) c {a®n) = nP(a), >c(A) ee (a (g> n) — na. 
Finally, we have to check that 

(A@Z nil )@B A®(Z nil @B) 

ld®t 

A@B 

is a commutative diagram, where the top map is given by the associativity isomorphisms. 
Generators of ((A©Z nil )©£>) e are of the form (x@n)@y, (a (g> n)@y and (a (g> n)(E)b. Com- 
mutativity of the diagram is obvious for (a ® n)®b. On the other hand for (a <g) n)@y it 
means nP(a)©y = a®nA(a), which follows from (5) of Definition |21 Finally, commutativ- 
ity of the diagram for element (x@n)@y means [nx)@y = x@(nx + (^jPHy), which can 
be checked as follows. By the identity (JH) and (2) of Definition E] we have 

{nx)@y = n(x@y) + (x\x) H ®H(y) 

while x@(nx + (™)PHy) = n(x@y) + (™)x@PHy = n(x@y) + (£)(x\x) H ®H(y). Here we 
used (2) and (4) of Definition^ Now the proof that SG is a monoidal category is complete. 

6.6. Symmetry property of ©. Next we prove that the tensor product ® is symmetric 
monoidal. To this end we define 

t{A, B) c {x@y) = y@x - H{y)®TH{x) 

for x G A e , y E B c and 

r(A,B) cc (a © b) = b <g> a 
for a G A ee , b G B ee , which then also necessarily determines 

t(A, B) e (a®b) = b®a 

and makes compatibility with P clear. Compatibility with H means 

H(y@x - H{y)®TH{x)) = H{y) {x\x) H + A(y) H{x). 
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H(y@x - H(y)®TH(x)) 

=H{y@x) - H{H{y)®TH{x)) + {H {y)®T H {x)\H {y)®T H {x)) H 
={y\y) H ® H{x) + H(y) <g> A(x) 

+ HPH(y) <g> HPTH(x) - HPH(y) <g> T#(x) - #(y) <g> HPTH(x) 

+ (P(H(y)®TH(x))\P(H(y)®TH(x))) H 
=(A(y) + H{y) - TH(y)) ® H{x) + #(y) <g> {{x\x) H - H(x) + T#(x)) 

+ HPH(y) <g> HPH(x) - HPH(y) <g> T#(x) - #(y) <g> HPH(x) 
=H{y) <g> (x|x)# + A(y) <g> #(x) 

- T#(y) <g> if (a;) + ff(y) <g> Tff(x) 

+ HPH(y) <g> HPH(x) - HPH(y) <g> Tff (x) - ff (y) <g> HPH(x), 
so compatibility of r with if amounts to showing that the sum 

-TH{y)®H{x)+H{y)®TH{x)+HPH{y)®HPH{x)-HPH{y)®TH{x)-H{y)®HPH{x) 
is zero. Substituting here ffP = 1 + T gives 

- TH{y) <g> ff (x) + ff (y) <g> Tff (x) + ff (y) <g> H{x) + ff (y) <g> Tff (x) + TH{y) <g> H{x) 
+ TH(y) <g> Tff (x) - ff (y) <g> Tff(x) - T//(y) <g> Tff(x) - if (y) <g> ff (x) - ff(y) <g> TH(x), 

which is indeed zero. 

Naturality of r is straightforward; to check r(B, A)t(A, B) = Id, the only nontrivial part 
is to look at 

t(B, A) c r(A, B) c {x@y) = t(B, A) c {y®x - H{y)®TH{x)) 

= x@y - H(x)®TH(y) - TH(x)®H(y). 

But 

-H{x)®TH{y) - TH{x)®H{y) = -P(H(x) <g> TH{y)) - P(TH(x) <g> H{y)) 

= -P{H{x) <g> TH{y)) - P(TH(x) <g> TTH(y)) 
= -P(H(x) <g> Tif (j/)) + PT(H(x) (g> T/i(y)) 
= 0. 



Finally we have to check that two hexagons commute. The first case amounts to checking 
that two ways from (A@B)@C to B@(C@A) are the same. That is the following diagram 



commutes. 
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(B® A)@C B® (A@C) 
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(A@B)@C B@(C@A) 



A@(B@C) (B@C)@A 

Again this is trivial for elements of the form (a <S> b)®c. It is straightforward to check 
that both ways take the element (a®b)@_z to b®(A(z) ® a). For the element (x@y)@z 
it amounts to showing that y@(z©x) — (y\y)ii®{Hz ® THx) — Hy®(A(z) ® THx) = 
y©(z©x) —y©(Hz®THx)—Hy®{A(z)®THx) which is obvious since of y@_(Hz®THx) = 
y@P(Hz®THx) = (y\y)u®(Hz®THx). The second hexagon axiom amounts to showing 
that two ways from A@(B@C) to (C@_A)@B are the same. That is the following diagram 
commutes. 

A@(C@B) (A@C)@B 

A®(B@C) (C@A)@B 



(A@B)@C C@ (A@B) 

This is trivial for a®(b <S> c). One checks that both ways take the element x©(b(&c) to 
(c <8> (x\x)n)®b. Finally the element x@(y@z) goes to 

c@(a@b) - Hc®TH(a@b) = c@(a@b) - Hc®{(a\a) H ® TH(b)) - Hc®(THa <g> A(6)) 

in C@(A@B) and to 

(c@a)@b - (He ® (a\a) H )®TH(b) - (He <8> THa)®A(b)) 

in (C@y4)©S. By the second way the element x@(y©z) goes to 

(c@a)@b - (Hc®THa)@b - (He ® (a\a) H )®T H (b) 

But these elements are the same, because 

(Hc®THa)©b = P(Hc ® THa)@b = (He <g> THa)®A(b). 

6.7. The action of the monoidal category (SG,@) on the category of pre-square 
groups. In Section IB~D we defined the bifunctor 

© : PSG x SG -> PSG 
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which yields a right action of the monoidal category (SG, ©) on the category PSG, meaning 
that for any M G PSG and Ni, N 2 € SG there are coherent isomorphisms 

(M®N 1 )@N 2 = M@(N 1 @N 2 ), 
M@Z nil ^ M. 

The proof of this fact is quite similar to the proof of associativity and unit properties of 
(SG,©), therefore we omit it. 

Existence of the bifunctor © : PSG x SG —>■ PSG is crucial in the following Lemma. First 
observe that if M, M' and N are square groups and / : p{M) — > p(M') is a morphism of 
underlying pre-square groups, then /©Id defines a morphism of pre-square groups 

p{M@N) -> p{M@N'). 

We can take M' = M and f — n* (see Lemma . The following result shows that the 
action of integers respects the tensor product. 

Lemma 28. Let M and N be square groups. Then for any integer n one has 

{n) M @\^N = (n*) M ®N- 
Proof. The result is obvious on the ee-level, while on the e-level it can be checked as follows 

(n*{x))@y = (nx + P{ Q Hx))©y = (nx)@y + P{ rM Hx)@y 

= (nx)@y + ( Q Hx) © A(y) = n(x@y) + (™J ((x\x) H © H(y) + H(x) © A(y)) 

= n(x@y)+ (f\H(x@y) 

Here we used the fact that (nx)@y = n(x@y) = (™)(x\x)H<&H(y), which follows from 
identity in section HJ □ 

7. The tensor product of abelian square groups and quadratic Z-modules 

We now describe the tensor product of those square groups which are abelian or are 
quadratic Z-modules. In this case the tensor product has a particularly simple form. 

Proposition 29. Let A be an abelian square group and B be a square group, then A@B 
is an abelian square group. Moreover the abelian group (A@B) C is given by the following 
pushout diagram of abelian groups. 

A ee © Coker(P B ) — A ee © B ce /(\d + T © T) 

A c © Coker(P B ) (A@B) C 

If additionally A is a quadratic X-module then A@B is a quadratic TL-module as well. 
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Proof. Since the cross-effect of H vanishes on A it follows that p = 0, where p is the same 
as m Definition H Hence H A ® B is a homomorphism and therefore A@B G Ab(SG). As a 
consequence (A@B) e is an abelian group. Moreover for each x G A e one has x@P(b) = 
for all b G -Bee, therefore the function x@— factors through Coker(P4). Finally, the relations 
(5) and (6) of Definition E] show that (A@B) e indeed fits into the above pushout diagram. 
If additionally A A = 0, then A A — B = (see Lemma l2"T)) . hence A@B is a quadratic 
Z- module. □ 

Proposition 30. Let A be an abelian square group and B be a quadratic 7L-module. Then 

A@B £ E(A CC ® B cc , TOT)© Coker(P A ) ® Coker(P B ) 

is a quadratic "Z-module. Here the abelian group Coker(P j4 ) ® Coker(P B ) considered as 
a square group by putting on the ee-level and E(— , — ) is defined in Section \?)J\ 

Proof. This is clear because A B = 0. □ 

Lemma 31. Let A be an abelian group and M be a square group. Then 

f :(A® M ee )® -> A®@M 

is an isomorphism. Here 

f e (a g) c) = (a, 0)®c 

and 

/ee(a (8) c, 6 <g> d) = (a, 0) ® c - (0, 6) ® T(d), 
mt/i a, 6 G A and c, d G M ee . 

Proof. The statement is obvious on the ee-level. To see it on the e-level one observes that 
P is a split epimorphism on A® and Ker(P) consists of elements (a, —a) G A®, a £ A. 
By Proposition |21 one can check that (A®@M) e is the quotient of (A® A)® M ee by the 
relations 

(a, -a) <g> A(x) = 0, a <E A, x <E M e , 

(a,0) ® c+ (0,a) ® T(c) = 0, c G M, 



ee • 



Since TA + A = we see that the first relation follows from the second one. Now the 
result is clear. 

□ 

8. The tensor product V(S)@M 

We consider the case when one of the factors in a tensor product is the free square group 
V(S) (see Section I5~7|) . We take S = {1, 2, • • • , n}. In this case we use the notation V(n) 
instead of V(S). If n = 1 then V(l) = 7LP and we have the following explicit result. 

Lemma 32. For any square group A one has an isomorphism 

1 ©A = (A ee x A e > A cc Q) A cc Q) A cc > A cc x A e ) 
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where 



P^^ A (a,b,c) = (a + b-Tb,Pa) 

and 

H zQ ® A (a, x) = (a + T(a) + A(x), -Ta, H(x)). 
Proof. We just indicate the explicit isomorphism ip : A c x A cc — > (lP@_A) c and its inverse: 

a e (x, a) = (1, 0)®a; + (1, 0, 0)<g>a, 

^ j PHx + k\Pa, nA(x) + k\a + A^a — k 2 Ta). 

□ 

For arbitrary n and a square group M let G n (M) be the group, which is (M c ) n x (M ee )&) 
as a set with (x k , dij) as a generic element. Here 1 ^ k ^ n and 1 ^ i < j ^ n. The group 
structure is given by 

(x k , aij) + (y k , bij) = (x k + yk, a-ij + % + (xj \ Xi) H ). 

Proposition 33. For any integer n ^ 1 and any square group M one has isomorphisms 
of groups 

(V»@M) CC = (M ce f +2n , 
(V(n)@M) e = G n (M) x (Mee) n . 

Proof. The isomorphism is obvious on the ee-level. We define 

a e : G n (M) x (Mee) n -> (V(ra)®M) e 

as follows. If a generic element of the group G n (M) x (M cc ) n is (x^, a^-, &/), where 1 ^ 
k,l ^ n, 1 ^ i < j ^ n and rc^ G M e , a^-, 6; G M ee , then we put 

a c (x k , a^, bi) = l@xi + 2@x 2 H h n@x„ + ^(j, i)® a y + ^ Hl®bi. 

i<j I 

One easily checks that a is a homomorphism. Actually it is an isomorphism with inverse 
a^ 1 which is uniquely determined by 

a e _1 (^ PHi@Xi + Hl®di + + HPHk®b k ) = 

i I ij k 

(PHc kk , cji + Tdj, di + bi- Tb t + A(x t )), 

and 

a" 1 (mil H h m n n + ^m^i, = 

i<j 

{m k x + ^ ^ fe ^ PHx, UimjHx + mij(Hx — THx), 0). 

□ 
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9. Right exactness 

We prove Proposition |3J First we check that for any square group A the tensor product 
functor A@— : SG — > SG preserves reflexive coequalizers. Recall that a functor R : SG — > 
SG preserves reflexive coequalizers if for any simplicial object P* in SG the canonical 
morphism 7i"o(P(P*)) — ► R(tt (BA) is an isomorphism. Observe that 7r (P*) is a coequalizer 
of two parallel arrows di,c?o : -Si - ► -Bo- We put B = 7r (P*). By universality property of 
coequalizers we have a canonical map 7ro(j4©P*) — > A©P. This is an isomorphism, because 
it has an inverse, which is defined as follows. Take a generator x@y with x G A e and y E B c . 
We choose an element 2 G Po c i n the class y G 7r (Po c )- The class of x@y G A@B in the 
quotient iro(A@B*) is independent of the choice. Indeed, if z' is also in the class y, then 
there exists w G B le such that <io?i> = z an d c?iw = 2;' and therefore x@z and a;®^' define 
the same element in 7r (A@B*). Based on this fact one easily checks that this assignment 
respects all relations for © and indeed defines a morphism A@B — > 7To(A®P*) and hence 
A©— : SG — > SG preserves reflexive coequalizers. 

Next we prove that the tensor product A©— : SG — > SG preserves finite products. 
Let B,C G SG. Then B x C in SG is constructed degreewise, i. e. (B x C) c = B c x C e , 
(P x C) cc = B cc x C ee , P(b, c) = (P6, Pc) and H(y, z) = (Hy, Hz). Here y e B e ,z <E C e and 
6 G Pee, c G C ee . The projection p± : B x C —>■ B has the canonical section i\ : B — » P x C 
given by zi e (x) = (x, 0) and ii ee (b) = (6,0). This section yields a morphism of square 
groups Idyi®?! : A@B — > A@(B x C). Similarly, one gets the morphism \6a®}2 '■ A@C — > 
y4©(P x C). The identity (j2J) in Section IFT7T1 shows that the images of ld/i®Ji and \Aa®}2 
commute and therefore they yield the canonical morphism 

U ■ (A@B) x {A@C) -> A@(P x C) 

which obviously is left inverse to the canonical morphism A©(B x C) — > (A@B) x (A@C) 
induced by projections. It is clear that both morphisms are isomorphisms on the ee- 
level. Thus we need only to show that the map is surjective on the e-level. This 
follows immediately from the fact that x©(y,z) = x@ix(y) + x@i2(z) and a@(b,c) = 
a®ii(b) + a@i 2 (c). 

We now prove that for any short exact sequence of square groups 

0^Pi-^P^P 2 ^0 

the induced sequence 

A©B l -> A@B -> A@B 2 -> 

is also exact. To this end one observes that by Lemma IT9l it suffices to consider the case, 
when the extension is central. Consider the following diagram in SG 

B 1 x P =t B 

9 

where g is the projection on the second factor, while f e (bi, b) — // e (&i) + b and / ee (z/i, y) = 
Hee{y) + y, y G P e , yi G Pi e , 61 G Pi ee , 6 G P ee - Since Pi is central in P, it follows that / 
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is a morphism in SG and in fact B 2 is isomorphic to the coequalizer of this diagram. Since 
A@— preserves products and reflexive coequalizers we see that 

/* 

A@B 1 x A@B 1 A@B ^ A© B 2 

g* 

is a coequalizer. From this follows that the functor A®(— ) is right exact. 

Finally, assume that A is a projective square group. We have to show that the functor 
A®(-) is exact. We can assume that A = V(S) x (Z[T])® for some S G Sets and T 6 Sets, 
because any projective is a retract of a free one. Since the tensor product commutes with 
filtered colimits we can assume that S and T are finite sets. Since the tensor product 
commutes with finite products the result follows from Lemma l3*Tl and Proposition 1331 

10. Z ni i[— ] AS A MONOIDAL FUNCTOR 

The next result generalizes the well-known fact that the free abelian group functor 

Z[-] : (Sets, x) -> (Ab,<g>) 
is a symmetric monoidal functor. 

Proposition 34. For any sets S and S' , one has a natural isomorphism of square groups 

5 : Z nil [S x S'} Z nil [5]@Z nil [5'] 

which on the ee-level is the canonical isomorphism Z[S x S'] = ZfS 1 ] ® Z[5"], given by 
S ee ((s, s') © {t,t')) = s © t Cg) s' ® t' . On the e-level it is given by 

6 e (s, s') = s@s', s, s' G S. 

Thus the functor 

Z nil [-] : (Sets, x) -> (SG,@) 

is symmetric monoidal. 

Proof. Since (ZniifS 1 x S']) e is a free nil2-group on S x S', the homomorphism 8 e is well- 
defined. Let us first check that the pair 5 = (8 e , S ee ) defines a morphism of square groups. 
We have 

P5ee((s, S') © (t, t')) = P(s®t® S' ' ® t') = (s ® t)®(s' © t'). 

Similarly we have 

S e P((s,s') ® (*,0) = S e ([(t,t'), {8,s')]) = [8 e (t,t'),S e (s,s')} = [t®t',s®s'} 

= (t\s) H ® = s ® t ® s' ® t'. 

Comparing these expressions we see that S is compatible with P. We have also 

5 ee ((s,s')\(t,t')) H = S ((t,t')®(s, s')) =t®s®t'®s'. 
On the other hand we have 

(5 e (s,s') | 5 e (t,t')) H = (s@_s'\t®t f ) H = (s\t) H ®(s'\t') H = t®s®t'®s f . 
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Since 

S ee H{s, s') = 

and 

H(5 e ((s, s')) = H{s@s') = {s\s') H ® H(s') + H{s)@_A{s') = 

we conclude that 5 is compatible with H and therefore 5 is, in fact, a morphism of square 
groups. Since 5 ee is an isomorphism, it suffices to show that 5 e is an isomorphism. We 
construct the inverse map 

V : (Z nil [S]@Z nn [S'}) c -> (Z nil [S x S']) e 

as follows. Take s G 5. Since (Z ni i[5"]) e is a free nil 2 -group on S', there is a unique 
homomorphism 

/, : (Z nil [S"]) e -> (Z nil [S X S"]) e 

such that /s(s') = (s,s')> s ' e I n particular for any y G (Z ni i[S"]) c the element f s (y) 
is well-defined. Since (Z ni i[S , ]) e is a free nil 2 -group we can extend s i— > / s (y) to a map 
# l—> /o;(y) G (ZniifS 1 x S"]) e in such a way that 

fx 1+ x 2 (y) = fx 1 (v)+fx 2 (v)+g(xi®X2®H(y)), 

where # : Z[5] <8> Z[5] ® Z[S"] ® Z[S"] -> (Z nil [5 x S"]) e is given by g(s ® t ® s' ® f) = 
[(i, t'), (s, s')]. Thus we have 

[/*id/i),/* 3 (?/2)] = -g(xi,x 2 ,yi,y 2 )- 
We claim that for all x G (Z ni i[S , ]) e and 1/1,2/2 G (Z ni i[5"]) e one has 

/afal + 1/2) = /a,(yi) + fxilfr)- 

By our construction the claim holds if x G S. Therefore it suffices to show that the 
equation holds for x = X\ + x 2 , provided it holds for xi and x 2 . To this end, we proceed as 
follows: f Xl + X2 (yi + 2/2) = f Xl (yi) + f xi(V2) + fx 2 (yi) + fx 2 (y2) + g(x! ® x 2 ® H(y! + y 2 )) = 
fx(yi) + fx{y2) + [fx^yi), fx 2 {y2)) + g(xi ®x 2 ®y 2 ® y x ) because {yi\yi) H = 2/2 ® 2/i and 
last two summands cancel; hence the claim. 

Now we are ready to define the map 77 : (Z ni i[S , ]©Z nil [S"]) e — > (Z ni i[S x S']) e by 

v (x®y) = f x (y), 

r)((s ® t)®(s' ® 0) = #( s ® * ® s ' ® 0- 

We have to check that 77 respects the relations (l)-(6) of Definition 121 The relations (1) 
and (6) are clear, (3) holds by our construction and (2) we just checked. Let us check 
(4). Without loss of generality we can assume that b = s' ®t' with s',t' G S' . First we 
consider the case x = s G S. Then one has rj(x©P(b)) = r](s@[f, s']) = [(s, t'), [(s, s r )] = 
g(s ® s £g> s' ® t') — T)((s ® s)®s' ® t') = ?7((x|x)_h-(§)6). For general x it suffices to show that 
77 respects the equality (4) for x = x\ + x 2 provided 77 respects it for x\ and x 2 . To check 
the last assertion one needs to show the equality for the cross-effects of both sides of the 
equality in question. But this is formal, 

r)((xi\x 2 ) H ®HP(b)) = r]((xi\x 2 ) H ®{b + Tb)) = r]{(xi\x 2 ) H ®b + (x 2 \xi) H ®b). 
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Here we used the fact that r\ respects the identity (6). Now we check that rj respects the 
equation (5). Indeed, we can assume that y = s' E S' and a = s <g> t, s, t E S. Then we 
have 

r](P(a)@y) = r,([t, s}@s') = [(t, s') : (s, s')\. 
On the other hand we have 

r)(a®A(b)) = r)(s ® s ® s' g> s') = [(£, s'), (s, s')] 
and the result follows. □ 

11. Torsion product of square groups 

It follows from Proposition 0] that the functor M©(— ) respects weak equivalences of 
simplicial square groups provided M is projective. We will exploit this fact in this section. 

Thanks to Section 1531 for any square group M one can take a cofibrant replacement M c 
of M. This means that there is given a weak equivalence M c — > M and M c is cofibrant in 
the model category structure introduced in Section 1531 

Lemma 35. For any square groups M and N there is an isomorphism of square groups 

iii(M c ©N) £ TTi(M®N c ), i ^ 

Proof. According to [2B1 the square groups 7ii(M c ©N) (as well as 7ii(M@N c )) do not 
depend on the cofibrant replacement. Moreover one can assume that each component of 
M c and N c is a free square group One considers now the bisimplicial square group 

M C @_N C . Both on the e- and on the ee-level one has the Quillen spectral sequences for 
double simplicial groups [221 • Since the tensor product with a free object respects weak 
equivalences, both spectral sequences degenerate yielding the isomorphism in question. □ 

We now put 

Tor ; (M, iV) = ^(iir©^) = TTi(M©N c ). 

Lemma 36. For any square groups M and N one has natural isomorphisms Tor®o(M, N) = 
M@N and Tor i(M, N) E Ab(SG) and for all i ^ 2 one has Tor°i(M, N) E Ab. 

Proof. The statement on Tor®o follows from right exactness of ©. As already mentioned, 
for any simplicial square group X one has 7Tj(X) E Ab(SG) for all i ^ 1, hence the statement 
for i — 1. Finally let us observe that 

(Tor <(M, A0) ee = Tor , (.!/„.. AQ , i ^ 0, 

hence (Tor°j(M, A^)) ee = for i ^ 2 and the result follows. □ 

Thus we have bifunctors 

Tor ! :SG x SG -> Ab(SG) 

and 

Tor i :SG x SG -> Ab, i > 2. 
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Proposition 37. If 

0-»iVi->JV-»JV 2 ->0 

is a short exact sequence of square groups then for any square group M one has a long 
exact sequence of square groups 

► Tor 2 (M, N 2 ) -> Tor°i(M, JVi) -»■ Tor i(M, N) 

-> Tor i(M, iV 2 ) -> M@iVi -> M@iV -> M@iV 2 -> 0. 

Furthermore Tor°j(M, N) = provided i ^ 1 and either M or N is projective. 

Proof. If M is free, then one can take M c = M. A projective object is a retracts of a free 
square group and hence the statement on projective objects is clear. For general M we 
choose an M° with degreewise free square groups. According to Proposition 0] one has the 
short exact sequence of simplicial objects 

-> M C @N X -> M c @iV -> M c @iV 2 -> 

yielding the long exact sequence for homotopy groups. Here we used the well-known fact 
that epimorphisms of simplicial groups are Kan fibrations. □ 

Corollary 38. Let A be an abelian group and M be a square group. Then 

Tor®!(A®,M) = (Tot?(A M cc )) 

and Tor fc (A , M) = for k > 2. 

Proof. Take a short exact sequence — > Fx — > Fq — > A — > of abelian groups with free 
abelian group F . It yields a short exact sequence of square groups 

-»• Ff -> F ® -»• A® 0. 

Since free square groups F and Ff are free square groups the result follows from Lemma 
ED and Proposition E3 □ 

Now we give the proof of Proposition |5J 

Proof of Proposition^ We use the short exact sequence © in Section 1531 Proposition H7\ 
shows that it yields the exact sequence of square groups 

Tor !(M, AV B)^ Tor i(M, A) x Tor x (M, B) 

-> M@(Coker(P A ) ® Coker(P B )) AM®(AV5)-> M@(A xB)^0. 

Let us observe that for any category ^ with coproducts and zero object and for any functor 
F : 'io — > Groups with F(0) = the natural homomorphism r : F(X VV) ^ F(X) x F(Y) 
is always an epimorphism. Indeed, if s\ G F(X) and s 2 G F(K) then s = Zi(si) + 22(^2) G 
F(X V y) has the property that r(s) = (si, s 2 ). Here i\ : X —> X\/Y and i 2 : Y -> X V K 
are standard inclusions. Thus /i is a monomorphism and the result follows from Proposition 
US and the fact that M©(— ) preserves finite products. □ 
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Corollary 39. Let M be a square group. Then the functor Tor k(M, — ) preserves finite 
products for all k > 0. Moreover the natural map 

Tor° fc (M, A V B) -> Tor° fc (M, A) x Tor° fc (M, B) 

is an isomorphism provided k > 2. Here A and B are square groups. If k = 1, then one 
has a short exact sequence of square groups 

-> (Torf(M ce ,Coker(P A )®Coker(P i? ))) 55 -> Tor i(M, AVP) -> Tor i(M, A) xTor i(M, 5) 
Proof. Since 

7T,(M C @(A X 5)) = 7T*(M C @A) X 7T,(M C ®5) 

we have 

Tor *(M, A x 5) = Tor ,(M, A) x Tor *(M,5) 

and the statement on finite products follows. For the rest one apllies the long exact 
sequence for Tor -functors to the short exact sequence in Proposition and uses Corollary 

EH □ 

12. Quadratic rings 

A monoid in the monoidal category (SG, ®) is termed quadratic ring. More explicitly, a 
quadratic ring structure on a square group R is given by a multiplicative monoid structure 
on R e and a ring structure on R ee . The multiplicative unit of R e is denoted by 1. One 
requires that these structures satisfy the following additional properties. First of all we 
have 

(i) x(y + z) = xy + xz, 

(ii) (x + y)z = xz + yz + P((y \ x) H H(z)). 

Thus Coker(P) is a ring. Moreover the maps 

T . Rcc ^ Ree 

(- | -) H : Coker(P /? ) ® Coker(P /? ) -> P cc 

are ring homomorphisms, in other words one has 

(iii) (x | | v) H = {xu | yv)ir, 

(iv) T(ab) + T(a)T(b) = 0. 

Let us observe that T(abc) = T(a)T(b)T(c). 
Furthermore the following equations hold 

(v) P(aA(x)) = P(a)x, 

(vi) P((x | x)ho) = xP(a), 

(vii) H{xy) = (x | x) H H{y) + H(x)A(y). 

It follows from Lemma 12*71 that 

A : Coker(P /? ) -> P ee 

is a ring homomorphism. 



QUADRATIC ALGEBRA OF SQUARE GROUPS 41 

Let QR denote the category of quadratic rings. We have a full embedding of categories 

Rings c QR 

which identifies rings with quadratic rings R satisfying R ee = 0. This inclusion has a left 
adjoint given by R h- > Coker(P f? ). 

Let R be a quadratic ring. A right R-quadratic module is an object M G SG together 
with a right action of the monoid R in the monoidal category (SG, ©). Equivalently, it is 
given by a square group M together with a right -R e e-module structure on M ee and a right 
action of the multiplicative monoid R e on M c such that the following holds ( m, n G M e , 
c G M ee ) 

(i) m(x + 2/) = nix + my, 

(ii) (m + n)x = mx + nx + P((n | m) H H(x)). 

(iii) (m | n)# (a: | y) H = {mx \ ny) H , 

(iv) T(ca) + T(c)T(a) = 0, 

(v) P(cA(x)) = P{c)x, 

(vi) P((m | m) H a) = mP(a), 

(vii) H(mx) = (m \ m) H H(x) + H(m)A(x). 

The category of right -R-quadratic modules is denoted by QM-R. In a similar manner one 
can define the notion of a left i?-quadratic module. 

12.1. Monoid quadratic rings. Thanks to Proposition|^]the functor Z n ii[— ] is a monoidal 
functor from the monoidal category of sets to square groups (SG,©). It follows that for 
any monoid M one gets a quadratic ring Z n ;i[M] and thus the functor 

Monoids -> QR. 

Now we observe that for a quadratic ring R the set of linear elements L(i?) is a multiplica- 
tive submonoid of R e . This follows directly from the formula H(xy) = (x \ x) H H(y) + 
H(x)A(y). Thus we obtain the functor 

L : QR -> Monoids 

The following result is a multiplicative version of Proposition IT71 

Proposition 40. The functor Z n ii[— ] : Monoids — > QR is left adjoint to the functor L. 

Proof. Let M be a monoid and let i? be a quadratic ring. Given a morphism / : Z n u[M] — > 
R of quadratic rings, the corresponding map fo : M — » L(i?) is just the composite M C 
Z n ii[M] — > i? and hence is multiplicative. 

Conversely we must show that any homomorphism / : M — > L(i?) C i? c of monoids 
extends uniquely to a quadratic ring morphism / : Z ni i[M] — > i?. In the proof of Proposition 
[T7|we already constructed the morphism of square groups / : Z nil [M] — ► i? extending / . 
It remains to show that f e and f ee are multiplicative. First note that the induced map 

/* : Z[M] = Coker(P Znil[M] ) -> Coker(P R ) 
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is multiplicative as it is the unique additive extension of the composite monoid homomor- 
phism 

M -> L(P) -> R c -» Coker(Pji). 

It follows that f ee is multiplicative since by definition it factors into the composition of 
multiplicative maps as follows. 

Z[M] <g> Z[M] = Coker(P Znil[M] ) ® Coker(P ZnJl[M] ) ^> Coker(P /? ) ® Coker(P /? ) ^ P ee 
Finally the function S of two variables on Z n ii[M] e given by 

= /e(xy) - fc(x)f e (y) 

is central in P e - This function vanishes if both x and y are in M, so if we show that it is 
biadditive it will follow that f e is multiplicative. Indeed 

2(ar,j/ + j/) = / e (xj/ + zy 7 ) - fc(x)(f c (y) + f c (y')) = f c (xy) + / e (zy') - f e (x)f e (y') 

= E(xy) + H(xy') 

and 

E(x + x', y) = f e (xy + x'y + P((x ® x')H(y))) - f e (x + x')f e (y) = 
Uxy) + Ux'y) + Pf cc ((x®^)H{y))-{Ux)Uy) + 

= E{x,y)+Z(xr,y)+P(U(x®3?)UH(y))-(f e W 

and we are done. □ 

12.2. Commutative quadratic rings. Since © defines a symmetric monoidal category 
structure on SG, one can talk about commutative monoids in this monoidal category. 
We call them commutative quadratic rings. Hence by definition a quadratic ring R is 
commutative if the following equations hold 

ha = ab, a, b G R ee ', 

yx = xy - P(H(x)TH(y)), x,y e R e . 

In the following result we obtain a kind of cupi-product. We refer to Remark IH1 below 
for the homotopy theoretic meaning of the groups involving it. The elements of the form 
k M (x) are the same as in Corollary [TBI 

Theorem 41. Let R be a commutative quadratic ring, then the map R c — > Ker(P) of 
degree 4 given by x i— > H(x)TH(x) £ Ker(P) yields a well-defined quadratic map 

i> : Coker(P /? ) -> Ker(P : P ee /(ld — T) — > P e ) 

satisfying 

ip(x + y) — ip(x) + ip(y) — k R (x)k R (y) 

and 

^(xy) = k R (x 2 )ip(y) + i/j(x)k R (y 2 ). 
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Proof. We have 

ip(x + y) —H(x + y)TH(x + y) 

=(H(x) + H(y) + (x\y) H )(TH(x) + TH(y) - (y\x) H ) 
=H(x)TH(x) + H(y)TH(y) + H{x)TH{y) + H{y)TH{x) 

- H(x)(y\x) H + (x\y) H TH(x) - H(y)(y\x) H + (x\y) H TH(x) - (xy\yx) H 
=*l>{x) + + H(x)TH(y) - T(TH(y)H(x)) 

- H(x)(y\x) H + T((y\x) H H(x)) - H(y)(y\x) H + T((y\x) H H(y)) - (xy\yx) H ; 

using commutativity of R ee , this is equal to 

rl>(x) + m - (xy\yx) H + (1 - T)(H(x)TH(y) - H(x)(y\x) H - H(y)(y\x) H ). 

On the other hand, 

A(x)A(y) =({x\x) H - H(x) + TH{x)){{y\y) H - H{y) + TH{y)) 

={xy\xy) H - (x\x) H H(y) + (x\x) H TH(y) - H(x){y\y) H + TH(x)(y\y) H 

+ H{x)H{y) + TH(x)TH(y) - H{x)TH{y) - TH{x)H{y) 
= {xy\xy) H - (x\x) H H(y) + T((x\x) H H(y)) 

- H{x){y\y) H + T(H(x)(y\y) H ) + - T{H{x)H{y)) 

- H{x)TH{y) + T(H(x)TH(y)) 
=(xy\xy) H 

+ (1 - T)(-(x\x) H H(y) - H(x)(y\y) H + H(x)H(y) - H{x)TH{y)). 
Thus it remains to prove 

(xy\yx) H = (xy\xy) H ; 

but by the hypothesis yx is equal to xy modulo image of P, and (_!_)# vanishes if one of 
the operands is in the image of P. 

For the second equality in the theorem one calculates 

ip(xy) =H(xy)TH(xy) 

=((x\x) H H(y)+H(x)A(y))T((x\x) H H(y)+H(x)A(y)) 
= ((x\x) H H(y) +H(x)A(y))((x\x) H TH(y) +TH(x)A(y)) 
= (x 2 \x 2 ) H H(y)TH(y) + H (x)T H (x) A(y) 2 

+ (x\x) H H(y)TH(x)A(y) + H(x)A(y)(x\x) H TH(y) 
= {x 2 \x 2 ) H i>{y)+i}{x)A{y 2 ) 

+ (x\x) H H(y)TH(x)A(y) - T{{x\x) H H{y)TH{x)A{y)). 

□ 
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13. Comparison of ©, © and 

In this section we prove Proposition |H1 Actually, we only show that © and are 
isomorphic. The rest is similar. Given the product A@B we define 

x © y = x@y — H{x)®TH(y). 

We then must check that the equalities Q and (0) hold in A©B. Indeed we have 

(x x + x 2 ) ©y = (x x + x 2 )@y - H(x x + x 2 )®TH(y) 

= + x 2 @y + (x 2 \x x ) H ®H(y) - (H( Xl ) + H(x 2 ) + (x x \x 2 ) H )®TH(y) 

= x 1 @y + x 2 @y + {x 2 \xi) H ®H(y) - (x 1 \x 2 ) H ®TH(y). 

Since m 

{x 2 \x x ) H ®H{y) = TT((x 2 \xi) H )®TTH(y) = -T((x 2 \x x ) H )®TH(y) = {x 1 \x 2 ) H 2>TH(y), 
We see that (jSJ) indeed holds. For (jSJ) one considers 

x © P(b) = x@P(b) - H(x)®THP(b) = (x\x) H ®b - H{x)®HP{b) 

= {x\x) H ®b - H(x)®b - H{x)®T{b) = (x\x) H ®b - H(x)®b - TTH(x)®T{b) 

= (x\x) H ®b - H(x)®b + TH(x)®b = A(x)®b. 

Moreover we have 

H(x ©y) = H{x@y - H{x)®TH{y)) 

= H{x@y) + H(-H(x)®TH(y)) - {x@y\H {x)®T H (y)) H 
= H{x@y) - H(H(x)®TH(y)) + (H(x)®TH(y)\H(x)®TH(y)) H 
= (x\x) H H(y) + H(x) A(y) - H(x) TH(y) + TH(x) H(y) 
= {(x\x) H + TH{x)) H(y) + H(x) (A(y) - TH(y)) 
= (A(x) + H{x)) H(y) + H(x) {{y\y) H - H(y)) = A(x) H(y) + H(x) (y\y) H 

We thus see that A@B with x © y defined as above has all properties required of A B 
in Definition [7| Conversely, we must show that the relations from Definition [7| imply all 
the relations for A@B. We have 

(xi + x 2 )@y ={x x +x 2 )@y + H{x x + x 2 )®TH(y) 

= Xl @y + x 2 @y + (H(x x ) + H{x 2 ) + {x x \x 2 ) H )®TH(y) 
=x 1 @y - H(x x )®TH(y) + x 2 @y - H{x 2 )®TH{y) 

+ H(x x )®TH(y) + H{x 2 )®TH{y) + (x x \x 2 ) H ®TH(y) 
=x 1 @y + x 2 ©y + (x x \x 2 ) H ®TH(y). 

Moreover 

(x x \x 2 ) H ®TH(y) = -T{x 2 \ Xl ) H ®TH{y) = (x 2 \x x ) H ®H(y). 
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Next, we check 

x@P(b) = x@ P(b) + H(x)®THP(b) = A(x)®b + H(x)®THP(b) 

= (x\x) H ®b - H(x)®b + TH(x)®b + H(x)®HP(b) 
= (x\x) H ®b - H(x)®b - TTH(x)®Tb + H(x)®T(b) + H(x)®b = (x\x) H ®b. 
The remaining conditions of A@B are trivially satisfied. 

14. Bilinear maps for square groups 

The tensor product of square groups has a universal property similar to that of abelian 
groups. To formulate it we need an analog of the notion of a bilinear map for square 
groups. 

Definition 42. For square groups A, B, C a bilinear map 

cf>:(A,B)^C 

consists of three maps 

01, r : A c x B c -> C c 

and 

0ee : ^ee X P ee > C cc 

such that 0i is left linear, r is right linear, ee is bilinear and moreover one has 

0i(P(a),2/) = P0cc(a,A(y)), 

r (x,P(&)) = P0 ee (A(:r),6), 

#0i(x, y) = <f) ee ((x\x) H , H{y)) + <f) ee (H(x), A(y)), 

H(f> T (x, y) = ee (A(x), #(y)) + (f>^H{x), (y\y) H ), 

P0 cc (T(a),T(6)) = -P0 ce (a,&), 

<k{x,v)-<lh{x,y) = P(f )ee (H(x),TH(y)). 

For a bilinear map as above and a morphism / : C — > C" of square groups the composite 
bilinear map /0 : A x P — > C is defined by the obvious equalities 

(f<f>)i(x,y) = / e 0i(x,y), 

(f<f>)r(x,y) = fcM x ,y), 

(f(/))cc(x,y) = f ee (j) ee (x,y). 

With this definition we then have 
Theorem 43. For square groups A, B the rules 

vi(x,y) = x©y, 
v T (x,y) =x@y, 
v ee (a, b) = a®b 
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define a bilinear map 

v:{A,B)^AQB 

which is universal; this means that for any bilinear map <fi : (A, B) — > C there exists a 
unique morphism : A © B —>■ C of square groups with <fi = f^v. 

Proof. It is straightforward to check that v indeed is a bilinear map. Moreover given a 
bilinear map <fi we define 

ft(x@y) = <k(x,y), 
ft{x®y) = <j) r {x,y), 

ft(a®b) = P<p cc (a,b), 
f+(a®b) = <j> ee (a,b). 

One checks easily that this indeed defines a morphism of square groups. Uniqueness is 
then clear because of the relation a®b = P(a <S>b). □ 

15. Quadratic functors 

As mentioned in the introduction square groups correspond to quadratic endofunctors 
of the category of groups. We now make this correspondence explicit. 

15.1. Quadratic functors. Let ^ be a category with a zero object and finite coproducts. 
We choose a zero object G c € and for any objects X and Y we choose a coproduct X V Y 
in c €. We let ii : X — > X V Y and i 2 : Y —>■ X V Y be the structural inclusions. The 
set Horrv(X, Y) has a distinguished element, the zero morphism, which is the composite 
X — > — > Y and which is denoted by again. For morphisms f : X —* Z, g : Y ^ Z 
let (/, g) : X V Y — > Z be the unique morphism with (f,g)ii = f and (f,g)i2 = 9- In 
particular, we have the morphisms T\ : X V Y — » X and t2 '■ X V Y — > Y given respectively 
by r i = (IdxjO) an d ^2 = (0, Idy). By definition one has rii 1 = \dx, r 2 i2 = Idy, r^ 2 = 
and r 2 i\ = 0. 

We consider functors F : ^ — > Groups to the category of groups with F(0) = 0. For a 
morphism / : X — > Y in ^ let /* denote the induced morphism F(f) : F(X) — * ^(V). 
Then the canonical homomorphism 

(n*, r 2 ,) : F(X V F) -> x FiY) 

is always surjective. The kernel of this map is denoted by F(X\Y) and is called the second 
cross effect of F. A functor F is called linear provided the second cross effect vanishes, 
thus F is linear iff 

(r u , r 2 *) : F(X V Y) -> x 

is an isomorphism. Moreover, F is called quadratic provided _F(X|y) is linear in X and K. 
Any linear functor has values in the subcategory Ab of abelian groups, while values of any 
quadratic functor lie in the subcategory Nil of groups of nilpotence class two [7j. Moreover, 
for any quadratic functor F the group F(X\Y) is a central subgroup of F(X \/Y) jjj. 
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15.2. Pre-square groups and quadratic functors on the category of finite pointed 
sets. Let F be the category of finite pointed sets. For any ti ^ we denote by [n] the 
set {0, • • • ,n}. We consider [n] as an object of T with basepoint 0. Let Quad(r) be the 
category of all quadratic functors from T to Groups. There is an equivalence of categories 

(8) PSG * Quad(r) 

between the category of pre-square groups and the category of quadratic functors from F 
to Groups, which is a particular case of results obtained in [20] • We now discuss functors 
involved in this equivalence. 
There is a bifunctor 

T x PSG — > Groups 

given as follows. Let M be a pre-square group and S a pointed set with basepoint *. Then 
S M is the group generated by the symbols s Q x and [s, t] a with s, t G S, x G M e , 
a G M ce subject to the relations 

[s,s]0o = s0 P(a) 
* © x = = [*, s] a 
[s, t]Qa= [t, s] T(a) 

[s, t] {x, y} = -tQx-sQy + tQx + sOy. 

Here s x is linear in x and [s, t] © a is central and linear in a. For such M the functor 
(— ) 0M:T^ Groups is quadratic. In this way one obtains a functor PSG — > Quad(r). A 
functor cr in the opposite direction has the following description. Let F : F — » Groups be 
a quadratic functor. Then we set 

cr(F) e := F([l]), cr(F) ee := F([l]|[l]). 

Hence one gets a central extension of groups 

-> cr(F) cc -> F([2]) -> cr(F) c x cr(F) e -> 0. 

The bracket { — , — } : cr(F) e x cr(F) e — >■ cr(F) ee is defined by 

{x,y} := [F^^/^^lG^p]) 

where x, y G ^([1]) = cr(F) e and ii, Z2 : [1] — ► [2] are pointed maps given by h(l) = 1 and 
^2(1) = 2 respectively. Moreover, the pointed involution [2] — ► [2] given by 1 1— > 2, 2 1— > 1 
yields an involution on cr(F) ee which is denoted by T. We have also the homomorphism 
P : cr(F) ee — > cr(T) e induced by the pointed map [2] — > [1] given by 1, 2 1— > 1. One checks 
that in this way one obtains a well-defined pre-square group cr(F). Then the functor 
cr : Quad(r) — > PSG is an equivalence of categories whose quasi-inverse is the functor 
Mh(-)0M. 

Linear functors correspond to pre-square groups with M ee = 0. Any such functor is 
isomorphic to a functor S 1— > A ® Z(S'), where A is an abelian group. Here 5 is a pointed 
set with base point *, while Z(S') is the free abelian group generated by S modulo the 
relation * = 0. 
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15.3. Square groups and quadratic endofunctors of the category of groups. We 

restrict ourselves to endofunctors F : Groups — ► Groups preserving filtered colimits and 
reflexive coequalizers. The last condition means that for any simplicial group G> the 
canonical homomorphism 7Tq(F(GA) — > F(tto(G*)) is an isomorphism. Such a functor F 
is completely determined by the restriction of F to the subcategory of finitely generated 
free groups. Let Lin(Groups) (resp. Quad(Groups)) be the category of such linear (resp. 
quadratic) endofunctors. 

A composite of linear endofunctors is linear, therefore Lin(Groups) is actually a monoidal 
category, where the monoidal structure is induced by composition of endofunctors. Any 
endofunctor in Lin (Groups) is isomorphic to a functor T of the form 

T(X) — A® A ab 

where A is an abelian group. Therefore there is a monoidal equivalence of monoidal 
categories 

(Lin(Groups), o) ~ (Ab, ®). 

If Tj, i = 1,2 are quadratic endofunctors of the category of groups, then the composite 
XioT 2 in general is not quadratic, but it has a maximal quadratic quotient which is denoted 
by T2OT1. Then □ defines a (highly nonsymmetric) monoidal category structure on the 
category Quad(Groups) [7j. 

We now describe an equivalence of categories 

SG = Quad(Groups). 

For any square group M and any group G one defines the group G®M jZj by the generators 
g <S> x and [g, h] ® a with g, h G G, x G M e and a G M ee subject to the relations 

(g + h) Cg) x — g ® x + h ® x + [g, h] ® H(x), 
[g,g\®a = g®P{a). 

Here g ® x is linear in x and [g, h] <S> a is central and linear in each variable g, h and a. One 
can check that the functor 

(— ) (g) M : Groups — > Groups 

preserves filtered colimits and reflexive coequalizers. For any groups X and K one has by 
[7j the following short exact sequence. 

-> x ab ® r ab ® m cc -> (x v y) <g> m -> (x o m) x (y ® m) -> 

Therefore (— ) ® M : Groups — > Groups is a quadratic functor and hence this functor is in 
the category Quad(Groups). In this way one obtains a functor SG — ► Quad(Groups). The 
functor in the opposite direction has the following description. If F : Groups — > Groups is 
a quadratic functor we put 

cr(F) c = F(Z), cr(F) ee = F(Z | Z). 
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The homomorphism P of the square group cr(P) is the restriction of the homomorphism 
(Id, Id)* : F(Z * Z) — > F(Z). Here * is the coproduct in the category of groups, so that 
Z * Z is the free group on two generators e± and e 2 . The map H is given by 

H(x) = (i*(x) - p 2 (n*x) - Pi(n*x) 

Here \x : Z — > Z * Z is the unique homomorphism which sends 1 to e\ + e 2 , while pi and p 2 
are endomorphisms ofZ*Z^Z*Z such that Pife) = e*, i = 1, 2 and Pi{&j) = 0, if i ^ j. 
For example the quadratic functor corresponding to the square group A* 8 is given by 

C7 i-> A ® G ab ® C7 ab . 

Here A G Ab. Similarly, the quadratic functor corresponding to ZnnfS'] is given by 

G h-v \J G nil 

where the coproduct is taken in the category Nil. 
The main result of [Zj shows that 

(9) (SG, □) £ (Quad(Groups), □) 

is a monoidal equivalence of monoidal categories. Here □ : SG x SG —>■ SG is defined as 
follows [7j. If M and iV are square groups, then 

MDN = ( (MON) e — ^ (MDN) CC (MDJV) e ) 

where 

(MO/V) e = M e <g> iV/([x, Pa] ® c ~ 0), x G M e , a G M ee , c G iV ee 

and 

(MDA^)ee = ((M ee ® Coker(Pv)) © (Coker(P M ) ® Coker(P M ) ® iV ee ))/ ~ 
where one uses the equivalence relation 

Moreover, the homomorphism Pmq/v is given by 

Pmun{& <8>z) = (Pa) <g> z, Pmun{x ® y ® c) = [x,y\® c 

while Hmon is the unique quadratic map satisfying 

(x <g> z|x' (8) 2;')i? MPJV = x' ® x <g) (^l^')-ffjv 

Hmon(x ® z) = P(x) <g> z + x (g) x <g> #(z), 
#AfQv(fo y] ® c) = X®y(g)C + y(g)X(g) T(c). 

The unit object in the monoidal category (SG, □) is Z ni i from Section [TJ 
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15.4. The functor p : SG — > PSG in terms of quadratic functors. Recall that we 
have the functor 

p : SG -> PSG 

defined by 

p(M) = (M e , M ee , T = HP~ Id, (-, P), 

where M is a square group. 

For a pointed set S let (S) be the free group generated by S modulo the relation * = 0, 
where * is the base point of S. Then one has a natural isomorphism 

S®p{M) = (S)®M. 

In other words the following diagram commutes. 

Groups 

-0p(Af) ' 

Groups 

This fact has the following interpretation in the language of functors. Suppose F : T — > 
Groups and T : Groups — > Groups are functors, then the composite T o F : Y — > Groups 
is a well-defined functor. Moreover, if F = (— ) is the free group functor, then T o F is 
quadratic provided T is quadratic. This follows from the fact that (— ) respects coproducts. 
Thus one obtains the functor Quad(Groups) — > Quad(T) which corresponds to p under the 
equivalences (JHJ) and 0. 

If F and T are quadratic functors then T o F in general is not quadratic (it is of degree 
^ 4), but has a maximal quadratic quotient denoted by FOT. In terms of (pre)square 
groups this means that there is a well-defined bifunctor 

□ : PSG x SG -> PSG 

with the property that for square groups M, N 

p(M)DN = p(MDN). 

More precisely, if M is a pre-square group and iV is a square group, then the definition of 
M\3N mimics the previous definition in Section H5. 31 The groups (M\3N) e and (M\3N) ee 
and the homomorphism Pmun are defined by the same formulae , of course now we have to 
consider the relation {x, u}m® z ~ y®x® A (2). The bilinear map { — , — }mun is defined 

{x ® z,x r (g) z'} m un = x' ® x® (z\ z') Hn 
and the involution Tmun is given by 

T M njv(a <8> z) = T M (a) ® z, T MU n{x ® y <E> c) = y ® x ® T N (c). 

Remark 44. It is well known that any functor T — >■ Spaces gives rise to a spectrum (see 
|24] and [II]). If F : Groups — > Groups is a functor, then it yield a functor F : T — > Spaces 
given by 5 t— >■ B(F((S))). Here -B(G) is the classifying space of a group G. In particular F 
gives rise to a spectrum sp(F), This construction can be applied to F = (— ) <8> M, where 
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M G SG. According to jH] the homotopy groups of this connective spectrum are isomorphic 
to the homology groups of the complex 

Id-T , , Id+T , , Id-T , , Id+T , - Id-T , , P , - 
■ ■ • > M cc — ^ M ee > M cc -— ■» M ee ► M ee — > M e . 

Thus in Corollary we constructed for any square group the homomorphism k M : 
7r (sp(F)) — > 7Tx(sp(F)) for F = (— ) ® M, which coincides with the first Postnikov in- 
variant of the spectrum sp(F) (see [8J. Similarly, for any commutative quadratic ring R 
in Theorem HU we constructed a nontrivial cupi-quadratic map if) : 7r (sp(F)) — > m(sp(F)) 
for F — (— ) ® R. Here ip is not an invariant of the homotopy type of the spectrum sp(F) 
but depends on the structure of sp(F) given by the commutative quadratic ring R. 

15.5. Square rings. A monoid in the monoidal category (SG, □) is termed a square ring. 
More explicitly a square ring can be defined as follows (see jl], [7j, [£]). A square ring Q 
is a square group such that Q e has additionally a multiplicative monoid structure. The 
multiplicative unit of Q c is denoted by 1. One requires that this monoid structure induces 
a ring structure on the abelian group Coker(Pg) through the canonical projection 

Q c — > Coker(P Q ), a^a. 

Moreover the abelian group Q ee is a Coker(Pg) ® Coker(P(g) ® (Coker(P(g)) op -module with 
action denoted by (i ® s) • u • f e Q ee for t, s, f G Coker(Pg), tt G Q ee . In addition the 
following identities must be satisfied, where H(2) = H(l + 1): 

(i) (x \y) H =(y®x)-H(2), 

(ii) T((x ® j/) • a ■ z) = (j/ ® x) • T(a) ■ z, 

(iii) P(a)x = P(a ■ x), 

(iv) xP(a) = P((x <S> x) ■ a), 

(v) H(xy) = (x <g) x) ■ H(y) + H(x) ■ y, 

(vi) (x + y)z = xz + yz + P((x ® y) • H(z)), 

(vii) x(y + 2) = + xz. 

The category of square rings is denoted by SR. Square rings Q with Q ee = are precisely 
rings. Thus we have a full embedding 

Rings -> SR 

which has a left adjoint given by Q 1— > Coker(Pg). The initial object in the category of SR 
is Z n ii. Observe that in any square ring Q one has A(a) = H(2) ■ a for any a G Q e - 

15.6. Relation between the □ and © products. 

Proposition 45. For square groups M and N there is a well-defined morphism of square 
groups 

a = a M>N : MDN -> M@N 
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with the structure of a lax monoidal functor. 

Proof. First we have to check that a e is well-defined. In other words a e respects all relations 
of M c <g> N and a vanishes on [x, Pa] <g> c. The last assertion is easy to check: 

a e ([x, Pa] <g> c) — (Po\x)h®c = 0. 

We have a e ((x + y) <g> z) — (x + y)@z = x@z + y@z + (y\x)n®H(z). On the other hand 
a e (x (g> z + y ® z + [x, y] ® Hz) = x@z + y©z + (y\x)H®H(z). Thus cr c respects the 
corresponding relation of the definition of the tensor product M e <g> N. Similarly 

a e ([x, x] <g> c) = (x|x)jf(|)c = x@P(c), 

therefore <r e respects another relation of the definition of the tensor product M e ®N. Other 
relations are even easier to check and therefore we omit them. Next we have to show that 
a is a morphism of square groups. We have 



o c P{x ®y®c) = a e ([x, y]<g> c) = (y\x) H ®c = Pa(x <g> y <g> c) 

which shows compatibility with P. To show compatibility with H, first we have to check 
it for cross-effects 

(a e (x <g> z) | cr c {y ® z')) H = (x©z \ y@z') 

= (x | y) H @{z | z') H = a ec (y ® x ® (z \ z') H ) = a cc ((x ®z\y® z') H ). 

Then we have 

H(a e (x <g> z)) = H(x@z) = (x\x) H ®Hz + Hx® A(z) 



a e P(a <S> z) — a c (Pa ® z) — Pa@z = a®A(z) = Pcr cc (a <g> z) 



and 



a ee (x <S> x <S> Hz + Hx <g> z) — a cc (H(x <g> z)) 



as well as 



Ha e ([x,y] <g> c) 



(y I ^)i?d)c - T(y | x) H ®Tc 
dee <8> y <8> c + y ® x <S> Tc) 
a ee H([x,y] <g> c), 



QUADRATIC ALGEBRA OF SQUARE GROUPS 53 

hence a is compatible with H. □ 

Theorem I5T1 b elow describes an important case, when the transformation o is an isomor- 
phism. 

Corollary 46. Any quadratic ring R gives rise to a square ring, whose underlying square 
group is the same, while the Coker(P) <g> Coker(P) ® Coker (P) op -module structure on M ee 
is given by 

(x <S> y)az = (x\y)HdA(z). 
In this way one obtains a functor 

U : QR -> SR. 

16. Abelian groups with cosymmetry as a full monoidal subcategory 

In this section we introduce "abelian groups with cosymmetry" which form a subcategory 
of the category of square groups. The corresponding quadratic endofunctors of the category 
of groups of nilpotence class 2 are coproduct preserving. 

16.1. Symmetric monoidal category Cos. A pair (A,d) is called an abelian group with 
cosymmetry if A is an abelian group and d : A —> S 2 (A) is a map from A to the second 
symmetric power of A satisfying 

d(a + b) = d(a) + d(b) + ab, a,b G A. 

Let Cos be the category of abelian groups with cosymmetry. We equip this category 
with a symmetric monoidal structure. To this end we need the maps 

* : Ax S 2 {B) -> S 2 (A® B), 

* : S 2 (A) xB^ S 2 (A®B) 

and the homomorphism 

* : S 2 {A) ®S 2 (fi) -> S 2 {A®B) 

defined respectively by 

(a, bb') i-> (a<g>&)(a<g>6') ; 
(aa',6) h-> (a ® b)(a' ® b), 

and 

(aa r ) ® (bb') ^ (a <g) b)(a' ® b') + (a ®b)(a® b'). 

Now we define 

(A,d A )®(B,d B ) = (A ®B,d A ® B ) 

where d A ®B '■ A ® B — > S 2 (A <g> i?) is given by 

® b) = a * d B (b) + d A (a) *b- d A (a) * d B (b). 

It is straightforward to check that in this way we really get a symmetric monoidal 
category (Cos, ®), with unit object given by (Z, (~)) 
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16.2. Coproduct preserving endofunctors of the category Nil. Let T G Quad(Groups) 

be a functor. By definition T is a quadratic endofunctor of the category of groups which 
preserves filtered colimits and reflexive coequalizers. According to [Zj values of T lie in the 
category Nil of groups of nilpotence class two and moreover for any group G there is an 
isomorphism 

T(G) = T(G nil ) 

This implies that 

Quad(Groups) = Quad(Nil) 

and we identify any object of Quad(Groups) with a quadratic endofunctor of the category 
Nil which preserves filtered colimits and reflexive coequalizers. 

Proposition 47. If F : Nil — > Nil preserves finite coproducts then F is quadratic. 

Proof. Since F(X\/Y) = F(X) V F(Y) it follows from the exact sequence (j2J) that one has 
the following exact sequence 

-> F(Xf h ® F(Yf h -> F(X VF) -> F(X) x F(Y) -> 0. 

Thus we have to show that the functor G given by G{X) = F(X) ab is linear. Since 
(— ) ab : Nil — > Ab commutes with coproducts, we see that the functor G : Nil — > Ab 
commutes with finite coproducts, and therefore G is linear, because finite coproducts in 
Ab are finite products as well. □ 

Let Quad E be the full subcategory of the category Quad(Nil) with finite coproduct pre- 
serving functors as objects. By Proposition 03 the category Quad s consists of all endo- 
functors T : Nil — > Nil which commute with all colimits. Therefore we get the following 
result. 

Corollary 48. If Fi G Quad 2 , i — 1, 2 then the composite F\ o F 2 G Quad 2 . Therefore the 
canonical projection 

F 2 UF l -y F x o F 2 

is an isomorphism. 

It follows that (Quad E ,o) is a monoidal category. Below we show that it is equivalent as a 
monoidal category to (Cos, ®). In particular (Quad s , o) is a symmetric monoidal category. 

Lemma 49. Let M be a square group and let F = (— )<8>M : Nil — > Nil be the corresponding 
functor. Then F G Quad s if and only if the homomorphism of abelian groups 

{-\-)h ■ Coker(P) ® Coker(P) -> M ee 

is an isomorphism. 
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Proof. For the groups M e = P(Z), M ee and F(Z)VF(Z) we have the following commutative 
diagram with exact rows 

M ee *- P(Z V Z) >■ P(Z) x P(Z) - 

(-l-)fl a Id 

P(Z) ab g) P(Z) ab — F(Z) V F(Z) P(Z) x F(Z) 



It follows that the canonical map a : P(Z) V P(Z) — > P(Z V Z) is an isomorphism iff 



P(Z) ab (gi P(Z) ab — > M ee is an isomorphism. Since this map always factors 



through Coker(P) £g> Coker(P) it follows also that the quotient map P(Z) ab ® P(Z) ab — > 
Coker(P)cg>Coker(P) is an isomorphism as well. Thus we have proved the "if" part. Assume 
(— | —) H : Coker(P) (g> Coker(P) — > M ee is an isomorphism. Then we have the following 
exact sequence 

-)• M e ® M e ® X ab (g) F ab -> P(X V Y) -> P(X) x P(F) -> 0. 

We have to show that P(X) V P(V) P(X V F) is an isomorphism for all 1,7 6 Nil. 
Since F respects reflexive coequalizers, it suffices to assume that X, Y are free in Nil. Since 
F preserves filtered colimits we can assume that X and Y are finitely generated free. So 
it suffices to show that for all n the natural map from the n-th copower of P(Z) to F(X) 
is an isomorphism, where X = Z V • • • V Z (n-fold coproduct). We already proved the 
statement for n = 2. Since it is also clear for n = or n = 1 we can proceed by induction. 
Let Y be the (n — l)-st copower of Z. Then we have the following exact sequence 

-> M ab ® M ab ® F ab -> P(y V Z) -> P(F) x M c -> 0. 

We also have the following exact sequence 

-> P(F) ab ® Af ab -> F(y) V M c -> P(F) x M c -> 0. 

Since F ab = Z n_1 and since by the inductive assumption P(F) ab = (M c V ■ • • V M c ) ab = 
(M^)™" 1 the result follows. □ 

Corollary 50. The category Quad 2 is equivalent to the full subcategory SGe of SG con- 
sisting of square groups M for which 

(- | -) H : Coker(P M ) <g> Coker(P M ) -> M ee 

zs an isomorphism. 

Proof. It is enough to notice that Quad 2 C Quad(Nil) and therefore an object F G Quad s 
is isomorphic to a functor F = (— ) ® M, with a square group M. The rest follows from 
Lemma EH1 □ 

Now we define a functor 

J? : Cos — > SG E 
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which is based on a construction from Let d be a cosymmetry on an abelian group 
A. The square group ^ (A, d) is defined as follows. Consider the pullback diagram in the 
category of sets: 

(e/XA d))e ——^ A® A 



A — S 2 (A) 

where n(a ® b) — ab. Then J? {A, d) e is a group via 

(a, x) + (b, w) = (a + 6, x + y + a <8> 6) 

where a, 6 6 A and i,!/ G A®i are such elements that ir(x) = d(a) and ir(y) = b. Let 
J r (A,d) ee be A® A, with P given by P(a<g>o) = (0, a <g> 6 - 6® a) <E J{A,d\. One easily 
shows that 

= U(Ad) c ^ j?(A,d) cc A ( /(A,a) e ) g sc. 

Let (9 be a cosymmetry on an abelian group A. It follows from the construction of the 
square group M = ^(A, d) that 

Coker(P Af ) = A = (M e ) ab 
and the commutator map A 2 (A) — > M e is a monomorphism. Moreover, the map 

(- | -) H : A® A^M ee 
is an isomorphism. Hence we get in fact the functor 

J : Cos — > SG S . 

For example, for a set S there is a unique cosymmetry structure on A = Z[S] such that 
d(s) = for all s G S 1 . In this case one has 

J?(A,d)^Z nn lS}. 

The following theorem is a reformulation of a result from 13 . 

Theorem 51. 

i) The above functor 

J? : Cos — > SG E 

is an equivalence of categories. 

ii) A morphism f : M — > N in SG^ is an isomorphism iff the induced homomorphism 
Coker(P/u) — > Coker(P/v) is an isomorphism. 

iii) Let M and iV 6e sguare groups. If M,N G SG S; then M@N G SG E and MQ/V G 
SGs and i/ie canonical morphism a : MDA/" — > M©N is an isomorphism. 

iv) Let (A, d) and (A', d') be abelian groups with cosymmetry. Then there is a natural 
isomorphism 

J{A,d)®J?{A',&) = J?((A,d) ® (A', d')) 
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Thus the functor 

J : (Cos,®) -> (SG,@) 
is symmetric monoidal; moreover it is full. 

Proof. By Corollary E0 we know that Cos is equivalent to the category of square groups for 
which M ee = Coker(P) (g)Coker(P) and {-|-} : Coker(P) <g> Coker(P) -> M ee is the identity 
map. It follows from the definition of square groups that 

P{a ®b) = a®b-b®a 

and 

H(x + y — x — y) = —b <g> a + a <g> 6. 
Thus we have the following commutative diagram with exact rows 

A 2 A — ^ M c A 

I 

H I 8 

\ y 
A 2 A — A © A S 2 (A) 

which yields a cosymmetry 5 : A — ► S 2 (A). Here c is the commutator map c(x Ay) = 
x+y—x—y and d(aA6) = a®b—b®a. It follows that c : A 2 A -> M e is a monomorphism and 
M = ^ {A, d). In this way we have constructed a functor in the opposite direction, hence 
the equivalence of categories in i) is proved. Explicitly, we have \&(M) = (Coker(Pjvf), 8m), 
where 5m is induced from the composite 

PT : M e — > M cc = Coker(P M ) ® Coker(P M ) -> S 2 (Coker(P M )). 

ii) follows from i) because / is an isomorphism iff ^(/) is an isomorphism, iii) First we 
consider the case of the ©-product. It suffices to check that H m @n yields an isomor- 
phism Coker(P M@A r) <g> Coker(P M@ jv) - ► {M@N) ee . But this is clear, since Coker(P M@A r) is 
Coker(Pj\,/) (g) Coker(Pjy). For the D-product this follows from Corollary EH1 and Corollary 
loTH It remains to prove iv), which claims compatibility with the © product. This follows 
from the explicit description of this operation. □ 

16.3. An open question. Let T be an algebraic theory, and consider the category End s (T) 
of all endofunctors of the category of models of T preserving all colimits. Then End(T) 
is closed with respect to composition. Under what conditions is the monoidal category 
(End s (T), o) symmetric? Does this happen if T is the theory of nilpotent groups of any 
class n? It is obviously so if n = 1 and it follows from our results that the same is true for 
n = 2. A classical result of Kan jTTj implies that this also holds for the algebraic theory of 
groups. 
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